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Abstract 

We show that (massive) D = 10 type IIA supergravity possesses a hidden rigid Dg = S0{9, 9) 
symmetry and a hidden local SO{9) x SO (9) symmetry upon dimensional reduction to one (time- 
like) dimension. We explicitly construct the associated locally supersymmetric Lagrangian in one 
dimension, and show that its bosonic sector, including the mass term, can be equivalently described 
by a truncation of an Eiq/K{Eiq) non-linear cj-model to the level £ < 2 sector in a decomposition 
of EiQ under its Dg subalgebra. This decomposition is presented up to level i = 10, and the even and 
odd level sectors are identified tentatively with the Neveu-Schwarz and Ramond sectors, respectively. 
Further truncation to the level i = sector yields a model related to the reduction of D = 10 type I 
supergravity. The hyperbolic Kac-Moody algebra DEiq, associated to the latter, is shown to be a 
proper subalgebra of Eiq, in accord with the embedding of type I into type IIA supergravity. The 
corresponding decomposition of DEiq under Dg is presented up to level 1 = 5. 
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1 Introduction 



Dimensional reduction of supergravity theories has proved to be not only a way of constructing lower 
dimensional theories with extended supersymmetry, but also a way of revealing hidden symmetries 
[1, 2]. The example studied most thoroughly in this context is that of maximal eleven dimensional 
supergravity [3], which upon dimensional reduction gives rise to the chain of exceptional hidden 
symmetries £"„(„). Below three uncompactified dimensions, the relevant Kac-Moody algebras are 
infinite dimensional [4]. 

In one dimension, the expected hidden symmetry is the elusive hyperbolic Eiq symmetry whose 
root space geometry is known to govern the behavior of cosmological solutions of = 11 supergrav- 
ity near a space-like singularity [5, 6, 7]. These so-called cosmological billiards were also studied in 
the context of other over-extended Kac-Moody algebras, see [8, 9, 10, 11, 12]. In the toroidal com- 
pactification of D = 11 supergravity to one time dimension there is a manifest GL{10; R) symmetry 
acting on the internal components. By making use of a 'level expansion' of Eiq in terms of GL(10; M) 
tensors, it was shown in [13] that the equations of motion of a cr-model on the Eio/K{Eio) coset 
space, when truncated to the first three levels, are equivalent to a restricted version of the bosonic 
equations of motion of D = 11 supergravity where only the fields and their first order spatial gradi- 
ents at a given spatial point are retained. It was furthermore shown there that the level decomposition 
of Eio contains representations that can be naturally associated to the spatial gradients of the bosonic 
D = 11 supergravity fields. This observation gave rise to the conjecture that the geodesic motion on 
the Eiq/K{Eiq) coset manifold can capture the full space-time dependence of the D = 11 super- 
gravity fields, such that the standard BKL approximation is recovered via a 'small tension expansion' 
in spatial gradients. However, the Eiq a-model is expected to contain many further degrees of free- 
dom, because the representations corresponding to spatial gradients constitute only a tiny subset of 
the Eio Lie algebra [14]. 

The aim of the present paper is two-fold. First, we demonsttate that (massive) type IIA supergrav- 
ity [15] reduced to one time-like dimension admits a hidden symmetry SO{9,9)/SO{9) x 5*0(9). 
The same symmetry appears already for the reduction of type I supergravity to one dimension, which 
is obtained from the IIA theory by restricting to the Neveu-Schwarz type fields. These results extend 
earlier ones on the emergence of SO{n, n) symmetries in dimensionally reduced type I supergravity 
[16, 17, 18]. The hidden 50(9, 9) symmetry group has a natural interpretation in string theory, being 
the continuous T-duality group of the low energy effective action of the two type n string theories 
reduced to one dimension, whose discrete subgroup 50(9, 9; Z) is known to be a good quantum 
symmetry of the perturbative string spectrum [19, 20]. 

The second main result of this paper is an analysis of the Eiq/ K [Eiq) coset model at low levels 
in terms of a level decomposition of Eiq under its = 50(9,9) subgroup, complementing the 
results of [13] where a level decomposition of Eiq w.rt. its vlg = S'L(10; R) subgroup was used. Just 
like 5L(10, R), the group 5*0(9, 9) is a regular subgroup of Eiq, and its maximal compact subgroup 
iSO(9) X 50(9) is a subgroup of K{Eiq), the maximal compact subgroup of Eiq. Accordingly, we 
now decompose Eiq into an infinite tower of 50(9, 9) representations, with the level as the 'floor 
number'. We then proceed to use this decomposition to compare the dynamics of the truncated cr- 
model to the reduced bosonic equations of motion. 

In comparison with [13], the present results reveal several new facets. In particular, the decom- 
position of ExQ into 50(9, 9) assigns a special role to the 10-th spatial dimension. The compact 
50(9) X 50(9) subgroup has as its diagonal subgroup 50(9)diag» which is the remnant of the 
Lorentz group acting on nine compact spatial dimensions only. The last coordinate direction cor- 
responds to a dilatonic field if (not the standard IIA dilaton), which is orthogonal to 50(9, 9) and 
algebraically provides the desired grading of Eiq w.r.t. its Dg subalgebra. Another new feature is 
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the appearance of spinorial representations of 50(9, 9) at odd levels in the level decomposition: 
while the vectorial representations corresponding to the Neveu-Schwarz-Neveu-Schwarz (NSNS) 
fields appear at even levels, the Ramond-Ramond (RR) type fields are associated with the odd levels. 
Our terminology here is loose in the sense that we refer to any state composed as a product of two 
vectorial representations of 50(9) as an NSNS field, and to any state composed out of two spino- 
rial representations of 50(9) as an RR field. Restricting to the even level NSNS sector, one obtains 
the non-maximal type I theory which is simpler to study in the present context. Its reduction to one 
dimension likewise admits a 50(9, 9)/50(9) x 50(9) invariant formulation. In the corresponding 
£^10 model, the type I theory corresponds to level £ = in the decomposition which forms a closed 
subalgebra of eio. Because 50(9, 9) is also contained in DEiq, which has been conjectured to be a 
hidden symmetry of type I supergravity reduced to one dimension [4, 5], analogous statements hold 
true for the coset DEiq/K{DEio). The mutual consistency of these conjectures is a consequence 
of the fact that DEiq is generated by a proper (irregular) subalgebra of eio- When extending these 
results to type IIA supergravity we have to embed RR fields into representations of 50(9, 9), which 
we are able to do by adding their duals and a Romans mass term (which in the present context is best 
understood in terms of a 9-form [15, 23, 24, 25]). This is in precise agreement with the structure 
found at ^ = 1 in the decomposition of Eiq under its Dg subalgebra, and shows that massive DA 
supergravity, too, can be accommodated within ^^iq. 

Unlike previous work, our analysis also includes the fermionic degrees of freedom, albeit only 
'at level ^ = 0' . In particular, we demonstrate that the fermions can also be placed into multiplets of 
50(9) X 50(9) in this approach. Furthermore, we determine the relevant a-model quantities from the 
supersymmetry variations; the bosonic equations of motion, which were used for this purpose in [13], 
then provide an additional and independent consistency check. While the supersymmetry algebra in 
the type I case closes on shell on the finite set of fields obtained by reduction of type I supergravity, 
it acquires new terms in the type II case, which no longer close on the finite set of fields obtained 
by 50(9) X 50(9) 'covariantization' of the type II supergravity fields. The necessity of (in fact, 
infinitely many) new fields follows algebraically by noting that, unlike the level representations, 
the level £ = —1,0,1 representations do not form a subalgebra of eio, but instead generate all of the 
eio algebra. However, it must be stressed that even the most basic aspects of the fermionic sector in 
relation to the hyperbolic symmetry remain to be understood. Whereas it is known at least in principle 
how to recursively construct the additional bosonic degrees of freedom in the Eiq model (cf . the tables 
of [14] and appendices B and C of this paper), it remains an outstanding challenge to also extend the 
fermionic 50(9) x 50(9) multiplets to a full spinor (i.e. double valued) representation of K{Eio), 
and to write down a locally supersymmetric model compatible with local K{Eio) symmetry^. 

A non-linear realization of massive IIA supergravity [26], and the embedding of the bosonic sector 
of type I into that of type 11 supergravity [27] were already investigated in the context of an earlier, 
and conceptually different, proposal concerning the realization of hidden Kac-Moody symmetries in 
M-theory [28, 29, 30, 31] (see also [32, 33, 34]). According to that proposal, D = 11 supergravity 
admits an M-theoretic extension possessing an even larger symmetry containing a hidden En, which 
is also supposed to accommodate type HB supergravity [34]. The indefinite Kac-Moody algebra En 
is not hyperbolic any more, but belongs to a class of Lorentzian Kac-Moody algebras called very 
extended algebras [35]. In a related development, the Weyl group of En was shown to act on the 
moduli of Kasner solutions [36] and to generate the intersection rules for branes [37]. A a-model 
approach, which aims to merge the proposals of [13] and [28] by introducing an unphysical auxiliary 
parameter, was recently formulated and studied in [38, 39]. 

'See, however, [21, 22] for some recent results on the (much simpler) involutory K(Eg) symmetry of the d = 2 theory. 
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For £'10, a 'brany' interpretation of the imaginary roots has been proposed in [40]; furthermore, 
these authors conjecture that essential information about M-theory compactified on is contained 
in a generalized modular form over the coset space Eio(Ij)\Eio/K{Eio). This modular form can be 
viewed as the solution of the Wheeler-DeWitt equation that is (formally) obtained by quantizing the 
Hamiltonian constraint of [13]. Very similar ideas have been put forth in [41]. Finally, an attempt to 
merge M(atrix) theory and En has been made in [42]. 

The paper is organized as follows. We first explain our conventions and notations in section 2. 
In section 3 the SO{9, 9) invariance of reduced type I and type HA supergravity is studied indicating 
the necessity of introducing additional fields to obtain an 50(9, 9) invariant, locally supersymmetric 
theory in the latter case. This could be provided for by studying the Eiq model and we carry out 
the required decomposition in section 4. These results are then exploited in section 5 to give the 
equations of motion of the truncated cr-model based on £^10 where the resulting dynamics are linked 
to the reduced supergravities from section 3. In appendix A, we fix our choice of gamma matrices. 
Appendices B and C contain the details of the decomposition of Eiq and DEiq with respect to their 
regular Dg subalgebras. This decompositions are presented up to levels £ = 10 for £^10 and £ = 5 for 
DEio in this paper.^ 



2 Conventions 



The action of L> = 11, = 1 supergravity to second order in fermions [3] in our conventions is 

^ J d'^xE (^Mr^^^«^^*5 + 12^^r^«*^) Fr,PQR (2.1) 
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(liiy^ J '^^^^^'^^'"^^^■^'^i---M4^Mr,...M8AM,,...Mii + 

We will set Newton's constant to ku = 1. The ellipsis denotes additional couplings and higher order 
Fermi terms which will not be of relevance in our analysis. The above action is invariant under the 
supersymmetry variations [3] 



(5£m^ = ier^*M, (2.2a) 
3 
2' 
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SAmnp = 7;'>'^^[MN^p], (2.2b) 



S^M = (dMe+\u^MABT^^e^-r^{TM'''''^''-8SZT''Q'')eFj,pQR, (2.2c) 

where we have only kept terms up to linear order in fermions in the variation of the fermions. 
From (2.1) we deduce the bosonic equations of motions 

= -^Ee''^Q^-^^-'^Fn,...R4Fs,...s„ (2.3a) 

Rmn = -^Fmp,p,p,Fn''''''P^ + ^GmnFp,p,p,p,F''^'''''^''\ (2.3b) 
In addition we have the Bianchi identity 

9[mPnpqr] = 0- (2.4) 

^The result is known up to levels £ — 20 for Eio and up to ^ = 8 for DEio, respectively. The relevant data can be 
obtained through the source file on the preprint arXiv. 
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Let us also fix our notations for the reduction from eleven to one dimension at this point. We 
perform a (1 + 9 + 1) spUt of the coordinates and label the coordinates of the three different sectors 
according to the following list: 



M,N,... 


= t,l, 


...,10 


curved indices in £) = 11 


A,B,... 


= 0,1, 


...,10 


flat indices in D = 11 


rh, h, ... 


= i,- 


,10 


curved spatial indices in D = 11 


a, S, ... 


= 1,- 


,10 


flat spatial indices in I? = 11 


m, n, ... 


= i,- 


,9 


curved spatial indices in D = 10 


a,b, ... 


= 1,- 


,9 


flat spatial indices in D = 10 



To distinguish flat indices from curved ones, we will put a tilde on the latter, e.g. 10. Below, we will 
furthermore need indices pertaining to the SO {9, 9) /SO (9) x SO (9) coset space; these are 



I, J,... 


G 


{!,■ 


..,18} 


for50(9,9) 


hi,-- 


G 


{!,- 


..,9} 


for the first SO {9) 


ij, ••• 


G 


{!,• 


..!9} = {10,...,18} 


for the second 50(9) 


a, 13, ... 


G 




..,16} 


spinor indices for the first SO {9) 


a, 13, ... 


G 




..,16} 


spinor indices for the second 5*0(9) 



Finally, in later sections, we will also use indices A,B,... for the 256-dimensional chiral spinor 
representations of 50(9, 9) and A, B, ... for the conjugate spinor. Our 7-matrix conventions for the 
orthogonal groups 50(9), 50(1, 10) and 50(9, 9) are listed in the separate appendix A. 



3 50 (9, 9) invariant supergravity in one dimension 

In this section we study the dimensional reduction of (2.1) to one timelike dimension, but in a setting 
that is appropriate to IIA supergravity, and the 50(9, 9) symmetry which we wish to exhibit. To 
this end we perform a (9+1) split of the ten spatial coordinates taking us through D = 10 super- 
gravity. We first study the type I theory and find that it can be written as a coset model on the space 
50(9, 9)/50(9) X 50(9) with additional dilaton. Extending the analysis to type IIA supergravity 
the additional fields generate new terms both in the Lagrangian and the supersymmetry variations 
and a locally supersymmetric version as a coset model is no longer possible with a finite dimensional 
coset space. 

We first consider the reduction of the elfbein degrees of freedom in the (1 + 9 + 1) split of the 
coordinates. Keeping an arbitrary lapse function N and setting the shift variables to zero, the elfbein 
of D = 11 supergravity reads 

^^■"^l ^10 ^ Gmn=^-^ ^°J. (3.1) 

A'^ is a Lagrange multiplier enforcing reparametrisation invariance w.r.t. to the diffeomorphisms gen- 
erated by timelike vector fields. Next we perform a (9+1) split of the spatial part of the elfbein in 
triangular gauge: 

. ( • -t^™ ) ^ 4* ^ r -^iTf " ) . (3.2) 



^ e2<P y V U e-2 

The spatial metric and its inverse are given by 

A f G-iYin + fi'^^m^n c'^^^m \ /^mn f O"*" A \ 

Grnn " I ^0^^ I =^ ^ " I e''^ + A' A^ J ' ^^'^^ 



4 



Here, the index on yl™ has been raised with G™^". In order to end up with a Lagrangian that has the 
required symmetries, we must still redefine the metric Gmn and the dilaton (p. The properly redefined 
fields gmn and ip of the reduced theory are 

e^ = G-h-'^'f' , em'' = eyEm'' =^ 9mn = e'^'t'Omn- (3.4) 

By G and g, we denote the determinants of Gmn and gmn, respectively; thus g = e^'^G. Inverting 
these relations, we obtain 

Gmn = 9'^e-h^gmn , e'^ = g^l^ . (3.5) 

While the field cj) thus is just the standard dilaton, our 'dilaton' (p differs from it by its additional 
dependence on the 9-metric gmn- For this reason, ip will appear in the Lagrangian in a way different 
from the way in which (p appears in the standard type I and type IIA Lagrangians. 

A short calculation now shows that the reduction of Einstein's action to one dimension indeed 
becomes diagonal in terms of the fields g, (p and Am, viz. 

G'^%GnpG^^dtG.^-(G'^^dtGmny = g'^''dtgnp9'"dtg,n - ^dt^pdt^ 

+2e^g-^g"'-dtAmdtAn. (3.6) 

Next, we turn to reduction of the eleven dimensional gravitino "^m- Its temporal component 
^t, with 32 real spinor components, is a Lagrange multiplier field (enforcing the supersymmetry 
constraint), while its spatial components constitute a vector spinor of 50(10) with a total of 10 x 32 = 
320 real components, corresponding to the 32 and 288 representations of 50(10). A 32-component 
Majorana spinor in eleven dimensions reduces to two 16-component real spinors of 5*0(9), while 
the vector part reduces to a vector plus a scalar. The subscript t is to indicate the transformation 
properties of *t under reparametrizations of the time coordinate t; the corresponding 'flat' object is 
^'o = N~^"^f With this split of the coordinates we introduce redefined fermion fields as 

*t = G^i(*t-rtr"^,-ririo^'io), (3.7a) 



G3(*„ + ^r„rio*io), (3.7b) 
^(-^^lo-rior'^^'a), (3.7c) 



*io = Gi 

with G = det Gmn = Ge'^. Inverting these formula, we obtain 



^1 = 1 ^a,T, ri-\T- T-lOv 



*t = G-^^t- -G—^TtV^a- TiG—^TtV'^^ro, (3.8a) 
6 6 

= G-3(*„-^r„r''^'5-^r„rio§io), (3.8b) 

*io = G-Ui§io + ^rior"§„y (3.8c) 



.3 3 

With the above redefinitions one can check that the derivative part of the fermion kinetic term reduces 
as 

-'-N^d^AT'^'^'^dB^c = \^ldt^a - ^^5)5**10, (3.9) 

where we have used that ^ = \I/^r'' in our conventions. The connection terms (of type o;^^) in the 
kinetic term will be shown below to combine with the F'^^ terms in (2.1) to give an 50(9) x 50(9)- 
covariantization of the derivative above. 
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In the supersymmetry variations, the above redefinitions must be accompanied by the following 
rescaling of the supersymmetry transformation parameter with the opposite power of G 

e — >£ = G-^/^e. (3.10) 

It is noteworthy that the redefinitions of the fermionic variables are the ones that one would expect on 
account of the corresponding formulae in higher dimensions; for instance, the general formula for the 
redefinitions of the gravitino field and the supersymmetry transformations parameter in Kaluza-Klein 
supergravity read 

^;^ = Gi2^e;"(^'„ + ^r,M„) , e' = G--^^^e (3.11) 

where a and a label the (flat) uncompactified and compactified coordinates, respectively, d is the 
number of uncompactified dimensions, and G the determinant of the compactified part of the metric. 
Although these formulae obviously fail for d = 2 they do work again for d = 1 ! 



3.1 Type I theory 

We first restrict to the case of type I supergravity and show that it can be written with local 50(9) x 
SO{%) invariance in both the bosonic and the fermionic sector. 

The bosonic fields of this theory are the zehnbein, an antisymmetric 2-form field and a dila- 
ton, referred to as Neveu-Schwarz-Neveu-Schwarz fields in IIA string theory. Therefore we set the 
Kaluza-Klein vector of the metric Am = in this section. The 2-form field of type I supergravity 
originates from the 3-form field Amnp in eleven dimensions, with P = 10; all other components of 
the 3-form will be set to zero for the type I theory. The corresponding terms are most conveniently 
derived by first writing the relevant term in eleven dimensions with flat indices, and then reconverting 
to curved indices by means of the appropriate rescaled vielbeine. For the field bmn = '^^mnw ^^'^ 
adopting the Coulomb gauge Afmn = 0> this procedure yields for the kinetic term 

^N^/dG''G^^G'''G^'Ft^f,pFtiifs ^ 

-\N-'VdG^^G-'^G''^'F,^^^,F,^^^, = -^N-'Vdg^^g-^dtbmndtb,,; (3.12) 

note that the dilaton factor in the inverse metric prefactors cancels by virtue of our redefinition (3.4). 
Combining this with the result for the reduced Einstein action (3.6) the reduced action for the type I 
theory therefore reads 

^ JdtN-^Vd ig""'dtgnpg'"'dtggm - g"'''dtbnpg'"'dtbgm - 4dtipdt^) . (3.13) 

In string frame the type I bosonic Lagrangian comes with a dilatonic prefactor [43]. Here, how- 
ever, we do not want such a factor, because we wish to embed this Lagrangian into an Eio/K{Eio) 
cr-model such that the level £ terms appear with a factor e^'^, and therefore there should be no dila- 
tonic prefactor for ^ = Lagrangian, corresponding to type I. For this reason we redefine the lapse 
according to 

N=Vd-n (3.14) 

with the new lapse function n(t) (the gauge used in the cosmological billiard description [7] is then 
n = 1). The supersymmetry partner of the latter is the redefined gravitino 

= N^o = riG-i (^0 - Ton a - ToT^^^io) (3. 15) 
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The bosonic type I Lagrangian (3.13) possesses a hidden 5*0(9, 9) symmetry which we can ex- 
hibit explicitly by parametrising the fields g and b in terms of a representative of the coset space 

£ G SO{9,9)/SO{9) X 50(9) 

in self-explanatory matrix notation (the calculation is analogous to the one in [17]). Because there are 
now two SO (9) groups, we will use unbarred and barred 50(9) indices ... and respec- 
tively, to distinguish them; the previous <S'0(9) indices a, b, ... then refer to the diagonal subgroup of 
50(9) X 50(9). The metric Qmn = ^m"'^n°' can be read off from 

To write down the Lagrangian, we need 

dtEE-^ = iQ'^Xij + \QjrjX'~^ + PijY'~^. (3.18) 

where {Qij,Qij) is the gauge field for the compact 50(9) x 50(9) subgroup. The Lie algebra 
elements X^^ and X^^ are the generators of the compact 50(9) x 50(9) subgroup and the Y^^ are 
the remaining (broken) generators of the full 50(9, 9). The expUcit expressions are 

Qij = e^i^dtemj] + \ei'^ej'^dtbmn, (3.19a) 
Q,j = e^rdtemjj-lerej^dtbmn, (3.19b) 
Pij = e(i''dte^^)-^erej'%bmn. (3.19c) 

Not forgetting the dilaton, which transforms as a singlet under 50(9,9), and whose kinetic term 
appears with a minus sign, the bosonic Lagrangian from equation (3.13) can be written as 

Ci = ^n-i {PijPij - dt<pdtip) (3.20) 

where n is a lapse function akeady introduced above. 

To exhibit the 50(9) x 50(9) invariance of the fermionic sector, we regroup the 320 gravitino 
components into irreducible multiplets of 50(9) x 50(9). Because a 32-component Majorana spinor 
in D = 11 reduces to two 16-component D = 10 spinors and a D = 10 vector reduces to a D = 9 
vector and a scalar, we split the spatial components of the D = 11 gravitino as follows: 

320^ (9,16) + (1,16) + (16,9) + (16,1) ^i) 

Xia Xa Xia Xa 

The essential point here is that the vector and spinor indices are now decreed to transform under two 
different 50(9) groups as indicated by the replacement of a by z and i, respectively, and the split of 
50(1, 10) spinor indices into a and a. The consistency of these assignments does not follow from 
dimensional reduction alone, but must instead be verified by direct computation. The kinetic term for 
the fermions from equation (3.9) can be written as 

-^Idt^a - 2*^^t* = -jXiadtXia + IpCiadtXia - -jXadtXa - ^XadtXa, (3.22) 



7 



exhibiting global 50(9) x 50(9) invariance ^. The derivative terms in (3.22) combine with the 
contributions from the spin connection and F"^^ terms in the D = 11 supergravity theory in such a 
way as to give a covariantization of the derivative under local 50(9) x 50(9) transformations. As 
we are considering the type I theory in this section, we retain only one chiral half of the fermions, say 
Xa and xja, from (3.22). 

The supersymmetry transformations (2.2) determine the transformations of the reduced fields 
which we also need to re-express in our new set of variables. From the variation (2.2a) in D = 11 we 
obtain 

E(^rSE^b)=ier^a^b) , 6cP = 2ieT^''^io- (3.23) 

For the first relation a compensating 50(10) rotation for maintaining the triangular gauge of the 
zehnbein E^°- was necessary. Together with the redefinitions from eq. (3.4), (3.7) and (3.10) this 
yields 

e(a"<^e^fo) = i^'^ia^b) , = -ierio^io- (3.24) 

For the Lagrange multipUer n = NG~^/'^, an analogous calculation leads to the simple result 

Sn = -lEatpta- (3.25) 

For the variation of the three form field A^^j^, we similarly obtain 

^^mnTo = l^brnn = ^leTmn^^o + i^^To^lm^n] = i^^To^lm^n] (3-26) 

Because the matrix Fio separates the two 50(9)'s (cf. appendix A.2), we can cast these variations 
into an 50(9) x 50(9) covariant form by means of the redefined fermions and supersymmetry 
parameters (of course, retaining only one chiral half of (3.21)) and obtain 

eii^^e^j) - ^ei™ej" Sbmn = iSalia/SXjiS = ^ij, (3.27a) 
Sip = i€aXa- (3.27b) 

The variations of the metric gmn and the NS 2-form can thus be recast into a manifestly 50(9) x 
50(9) covariant form 

6££-^ = AijY'^~ . (3.28) 
whence 

SPij = DtKj = dtKj + Qikf^ko + QjkKk, (3.29a) 
6Qij = -2A[ifk\Pj]-k , SQ,j = -2Aki,P\k\j]. (3.29b) 

where Dt is a 50(9) x 50(9) covariant derivative. 

The variations of the fermions can be likewise determined from eq. (2.2c), making use of all 
the redefinitions introduced above. Again, one finds (after some computation) that all formulae can 
be cast into a manifestly 50(9) x 50(9) covariant form. Because the calculation is completely 

^We note that this part of the Lagrangian actually has a hidden SO{l, 9) x 50(1, 9) invariance, which however does not 
seem to extend to the full Lagrangian. The non-compact form is essential here because the 50(9) x 50(9) assignments 
for the fermionic fields (3.21) cannot be extended to 50(10) x 50(10) representations without doubling the number of 
fermionic components: the latter would necessarily belong to the (10, 32) © (32, 10) representation of 50(10) x 50(10). 
Killing equations for doubled fermions were derived recently in [44]. 
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analogous to the one for the bosonic fields, we refrain from presenting further details here, but simply 
collect the pertinent formulae in (3.33) below. 

In summa, we obtain the following Lagrangian for type I reduced to one dimension with local 
50(9) X 50(9) invariance 

A = ^n~^{PijPij - (fi'^) - ^XaDtXa + ^XjaDtXja 

+ ^n~^'ll^taXa¥^ - ^ri~'^AaliapXjl3Pij +■■■ (3.30) 

modulo higher order fermionic corrections. The derivatives on the fermions are 50(9) x 50(9) 
covariant, for instance 

DtXta = dtXta + iQjklapXt/d + QtjXja- (3.31) 

The supersymmetry variations, which leave Ci invariant, are, for the bosonic fields, 

SPij = DtiisjiXj), (3.32a) 
Sip = isx, (3.32b) 
5n = —ieipf (3.32c) 

The fermionic variations, with the cubic corrections needed for the closure of the supersymmetry 
algebra below, read 

Sipta = DtEa- jn{jije)aXHjX + ^n{-fije)aXk'yijXh (3.33a) 

Sxa = -^n~^£a{^-iiktx), (3.33b) 

Sxja = ~n~'^{'yie)a{Pij -iAliXj)- (3.33c) 

Modulo the fermionic equations of motion, the supersymmetry algebra closes and is 50(9) x 
50(9) covariant on all fields 

[6i,62]n = dt{^'n), ^alV'ta = 0, 

[Sl,S2]V = edtV + de'if, [Sl,52]Xa = 0, (3.34) 

[Si, 62]Pij = dtiePij) + Se'Pij + 6u,Pij, [6u 62]xja = 0, 

where ^* := — m~^£2a£ia is the standard (time) translation parameter, = —^^tpta a new local 
supersymmetry transformation parameter, and a; an 50 (9) x 50(9) transformation with parameters 

^ij = ^^Qij -^Xk7i£li£2]ljXk, (3.35a) 
i^ij = - 2xfe7i£[i£2]7j]Xfc- (3.35b) 

This is precisely the form of the standard supersymmetry algebra in theories of supergravity (in an 
on-shell formulation such as ours): the commutator of two supersymmetry transformations yields a 
translation term with parameter = iei^'^e2, a local supersymmetry transformation with param- 
eter s' = —^^ip/j, (see e.g. [46], section 1.9) and a local gauge transformation, here in the form of 
a local 50(9) x 50(9) transformation with parameters {ujij,ijjij). The on-shell vanishing of the 

''To make the formulae less cwnbersome, we will from now on suppress the SO{9) x S0{9) spinor indices whenever 
it is clear from the context which is meant. 
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algebra (3.34) on the fermion fields is a consequence of this general structure in the reduction to one 
dimension. For example, on the Lagrange multiplier ij^t, the contributions cancel by virtue of 

A4 + A(^Vta) = 0. (3.36) 
The closure on the matter fermions x and Xj requires in addition the fermionic field equations 

DtXa + ^n'^tpta'P = 0, (3.37a) 
DtXja + lhii^t)aPij = 0. (3.37b) 

3.2 Type IIA theory 

To extend type 1 to type HA supergravity, we must complement the type I fermions by those of the 
opposite chirality, and incorporate the Kaluza-Klein vector Am together with the remaining com- 
ponents of the 3-form field in eleven dimensions, namely Amnp- In string theory both arise from 
the Ramond-Ramond (RR) sector; for this reason we will refer to them as RR type fields. With the 
Coulomb (temporal) gauge At = Atmn = 0, the time derivatives of the RR fields coincide with the 
field strengths of the unreduced theory 

^tmnp = dfAfmnp ~ 2^**^"*^P ' -^tm = ^t^m- (3.38) 

Repeating the calculation leading to (3.12), the combined contribution of the Kaluza-Klein vector 
Um = Ajn from (3.6) and of amnp = '^^mnp is thus equal to 

-^n-^e'^g"^ Q • j^g'^'^g'"' g^'dtamnpdta^rs + \g'^'' dtamdta,^ , (3.39) 

Observe that the dilaton prefactor in (3.39) is the same for the 3-form and the Kaluza Klein vector, 
and is indeed the desired prefactor for level ^ = 1. In addition, there is a common factor of y^, which 
will turn out to be precisely what is required for the tr-model (and can be viewed as originating from 
a 'spinorial metric' acting on the odd level fields). As anticipated, our dilaton 99 (defined by Eq. (3.4)) 
couples in a way different from the standard type HA dilaton: in string frame, the latter does not 
appear in front of the RR kinetic terms [43]. 

The RR form potentials thus give rise to the 5*0(9) tensors a^P^ for p = 1 and p = 3. By 
themselves, these fields are not enough to allow for the larger symmetry 50(9) x 5*0(9) or global 
5*0(9,9). However, we can enhance the symmetry group in the desired way by adding forms of 
degree p = 5, 7 and 9. Namely, these fields can be then combined into a single irreducible spinor 
representation of 50(9, 9), which under the 50(9) x 50(9) subgroup becomes the (16, 16) bispinor 
representation, and under the diagonal 50(9)diag subgroup decomposes as 

16 (g) 16 = 1 e 9 e 36 e 84 e 126 (3.40) 

At the linearized level, we thus assemble the RR degrees of freedom into 

A.=(ip-l^)- V l'Y"l-"''a(?') n4n 

p=l,3,5,7,9^- 

As we will see, this is precisely the structure arising at level ^ = 1 in the decomposition of £^10 under 
its 50 (9, 9) subgroup. Under the diagonal 50(9) subgroup of 50(9) x 50(9) we thus recover the 
required representations for forms with odd p. The 5- and 7-forms will be interpreted as the dual 
RR forms, respectively, which in the reduced theory are associated to the first order spatial gradients 
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of a,„ and aj„„p. The 9-form, on the other hand, does not appear in D = 11 supergravity, but is 
associated with the Romans' type mass term in the IIA theory [15, 23, 25]. In contrast to the Ag 
decomposition of [13], where the fields and their duals appeared at different levels, the level £ = 1 
sector thus contains both the RR type fields and their duals. By contrast, the dual degrees of freedom 
for the £ = NSNS fields appear only at level £ = 2. The formula (3.41) also admits a type lEB 
interpretation: by means of the formulae of Appendix A. 1 we can rewrite it as a sum over even p, 

p=0,2,4,6,8 ^' 

This rewriting simply reflects the equivalence of the type IIA and IIB supergravity theories upon 
dimensional reduction.^ 

In order to properly identify the RR degrees of freedom at the non-linear level, we adopt a pro- 
cedure that differs from [13] in so far as we deduce the relevant expressions from the supersymmetry 
variations, and not by direct comparison with the (bosonic) equations of motion. Instead, the latter, 
which we will study in section 4, will provide us with an independent consistency check. Accordingly, 
we proceed from the following ansatz for the fermionic variations of the type II theory, encompassing 
the NSNS and RR degrees of freedom up to level £=1, 

dilutee = Aea + e^^Paf^es, (3.43a) 

(^V-ta = DtEa - e^'^EaPaa, (3.43b) 

SXa = --^n'^ipsa - ^n~'^e^'^PaaSa, (3.43c) 
Sxa = ~ri~^(pea + ^n~^e^'^Paa£a, (3.43d) 

6xia = -^n~'^Pijljap^p - ^n'^e/s'jifjae^'^Paa, (3.43e) 

1 _1 1 1 

oXja = --^n Pijjiaps:p + -^n Spjjp^e'^'fPaa, (3.43f) 

where P^a is the full nonlinear extension of the time derivative of the RR field (pace in (3.41). (Below, 
we will separately discuss the level £ = 2 contributions to these variations, which correspond to the 
spatial gradients of the NSNS fields.) The terms involving NSNS degrees of freedom in (3.43) are 
simply obtained by 'doubling' the corresponding variations of the type I theory derived in the previous 
section. As for the RR type fields, consistency with local 50(9) x 50(9) invariance requires that 
they all appear via the single field strength P^a- For instance, the contributions from Ftmnp to the 
variations of the redefined fermions are found to be (after some algebra, and using flat indices) 

S^t B ^r'^^'e Ftabc, (3.44a) 
S^a 9 -^n-^r'^'^'^TaeFtbcd, (3.44b) 
(5*10 3 j^n-^Tior'^r^'^^e Ftbcd- (3.44c) 



'We note that our set of potentials is indeed consistent with a type IIA string theory interpretation as RR potentials: The 
potentials of odd degree support Dirichlet p-branes with p even, and so £10 'supports' DO, D2, DA, D6, and D8 branes. 
In the type IIB theory these are transmuted into D{—1),D1, D3, D5, and D7 branes, but Eio does not seem to support the 
space-filling £)9-brane of type IIB string theory. However, there is also no known ten dimensional massive IIB supergravity 
theory containing the corresponding lO-form (or scalar). 
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Rewriting this in terms of curved indices and the redefined neunbein and dilaton we obtain 



ra6c_ 771 T-ia6c_ ( jp 'm tp n tp p jp i ojp m jp n jp W jp \ 

= V'^'^eel'^ere^^e.^Gtranv = T'^'^'e g\eJ^etreJ>Gt^np (3.45) 

with 

Gfrnnp ^tmnp ^^["^"^np]tl0' (3.46) 

Comparing with (3.43) we can read off the corresponding contribution to Paa and check that the field 

strength Gtmnp (and hence also Ftmnp) indeed appears with the same coefficient in all variations. 

The redefinition (3.46) is due to the reconversion from flat back to curved indices by means of the 
rescaled neunbeine from (3.4). Together with the analogous redefinition 

Gmnpq '•— ^mnpq H~ '^■^{m^npq\VO'' (3.47) 



it is well known from Kaluza Klein theory and ensures that these field strengths do not transform 
under reparametrizations of the 10-th spatial coordinate 5x^^ = S}^{t). Note that the NSNS field 
strength F^^^Jq and the Kaluza-Klein fields Ftm and Fmn do not receive any corrections of this 
form. The new field strengths obey the modified Bianchi identities (cf. (2.4)) 

dtGmnpq — '^9^mG \t\npq] = '^^t[mFnpq]Td + ^-^[m™ -^pg] tlo 

+'^AmdtF^pq]w - 12^[-^n^p#ro (3.48) 

The remaining contributions from Ftm and the (gauge invariant) spatial gradients Fmn and Gmnpq 
are worked out similarly. The Kaluza-Klein vector A^, appears via the coefficients of anholonomity 

^oaio = N-^e^ ■ea'^Ftm (3.49a) 
^abm = e't'-ea'^Sb'^Fmn (3.49b) 

Some further calculation then yields the final result 



1 



Paa = g* 



ne-'^MSaa + \l^aFtm + \l^>e-^Fmn + 



,]_ mnp^ _ }_ mnpq -^^ 
^ Y2, ^tmnp laa "'^ '^mnpq 



(3.50) 



where we now and henceforth set 7™ = 7"ea™ etc., using the redefined neunbein fields (3.4). The 
(constant) M corresponds to a Romans type mass term, which exists only for type IIA supergravity 
in ten dimensions, but vanishes for D = 11 supergravity. Note also the prefactors of ne"'^ in front of 
the terms containing even degree 7-matrices, i.e. spatial gradients. 

Although (3.50) is the most convenient form to check against the equations of motion and Bianchi 
identities (see section 4), it is also straightforward to rewrite this expression in the form (3.41), dual- 
izing the 4-, 2- and 0-forms into 5-, 7- and 9-forms by means of the formulae of the appendix. For 
instance, for the 4-form Gmnpq we obtain (keeping track of the extra vielbein factor £^^°!) 

Gmi...m4, — Emi ^ ' ' ' Em/^ *Gai...a4, ^ -£'61 ^ ' ' ' Ff,^ ^6 ■Etni...n^W 

= N e ^'^Crrai ^ • • • 6^714 *Cai...a4 ^ ^^61 ^ • • • e(,g ^ tni-.-nsIo (3.51) 
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or 



mi... 1714 



n 



-"mi 



ai 



-'m4 cai...a4 



61. ..65 ni _ 715 



tni...n5W (3.52) 

The pref actor n^^e*^ here conveniently cancels the dilaton dependence in front of F^upq in (3.50). 
Similarly, when dualizing the exact Kaluza-Klein vector field strength by ^ 

we find 



^ci -^C7 ^ tmi...m7W 



(3.53) 



ci...cr^ mi 
ci 



mr : 



tmi...mrlQ 



tmi-.-mylO 



(3.54) 



again cancelUng the prefactor in (3.50). An analogous calculation works for the prefactor of the 
Romans mass M after duaUzation to a 9-form. Hence, we can rewrite the expansion (3.50) in the 
form 



I 

9^ 



-Ttnii -r ^2 laa '^tmi...m,i 



1 
48 



mi ...m. 



''Ft, 



— ^"11 • • •'"T F I i_ mi ...map 

^_ laa ^tmi...m7 ^ gj Jaa ^tmi...mg 



(3.55) 



where we have dropped additional 10 indices and tildes on the dual fields. This formula entails kinetic 
terms for the dual field strengths of the form 



n 



-l^<Pgmini...gm,n,p^^^ 



.mp Ffni ...Upt 



(3.56) 



for p = 5,7,9 supplementing and generalizing the terms in (3.39). 

After these preparations we are now ready to give the supersymmetry variations of the bosonic 
degrees of freedom, as well as the type 11 Lagrangian. The variation of the bosonic type 1 fields are 
again obtained by 'doubling' since we now have to include two sets of fermions, and read 



Sn = -i{ea1pta+£ai^ta), 
5ip = i{eaXa+ SaXa), 
SPij = Dt{iea-yial3Xjl3 + i£a'lja0Xi0)- 



(3.57a) 
(3.57b) 
(3.57c) 



From the variations (2.2a) and (2.2b) we furthermore deduce the following transformation of the RR 
fields 



S{e2'^Paa) = '^Dt i{eaXa - £aXa) + ii^plifiaXia - ^^Ij^aXja) 



(3.58) 



Note the minus signs and the dilaton coupling in front of the RR terms; we will always treat e'^'^Paa 
as a field on the same footing as the type I fields. 

The 5*0(9) x 5*0 (9) invariant Lagrangian for the type 11 theory requires keeping both chiralities 
of the reduced fermion kinetic term (3.22) and appropriate extra Noether terms involving fermions of 
opposite chirality and the new field strength e'^'^Paa- Like the type 1 Lagrangian and the fermionic 
variations of the RR fields, the extra terms in this Lagrangian can be checked against the correspond- 
ing terms obtained by directly reducing (2.1); here again, the redefinitions of the fields found before 

*The extra dilaton factor here is the one required by the equation of motion for the Kaluza Klein vector Am, as it follows 
from variation of the Einstein action in (2.1) with (3.2). 
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are essential in order to obtain complete agreement. Our construction thus makes use of both dimen- 
sional reduction and the supersymmetric completion of the 'doubled' type I Lagrangian by means of 
the supersymmetry transformations (3.43). The result is (modulo higher fermionic terms) 



Ai = ^n-^PijPij-ip^)+^n-^e'^PaaPa 



It II 
-ie^'^XaXaPaa + ie^'^ {X3li)a{ljXi)aPa<5i 

+ 2"~^(V'toXa + IpmXc)^ - ^n-^{'tptaliaf3Xj/3Pij + i^talioc'fiXjpPij)) 

+ ^n~^ {i>taXa - IptaXa + ApljpaXja - 'tpt/Slif3aXia)e^'^ Paa + ■■■ (3.59) 

which is manifestly invariant under local SO (9) x 50(9) transformations. From (3.59), we can also 
check that our identification (3.50) for the decomposition of Paa with all numerical coefficients is 
consistent with the reduction of the kinetic terms for the three form and the Kaluza-Klein vector 
given in (3.39). 

When studying the supersymmetry of the Lagrangian (3.39) up to linear order in the fermions, 
we find that many cancellations work as before, but there are also some new features. For instance, 
variation of the new Noether term coupling fermions of opposite chiraUty produces (amongst other 
terms) a contribution 



(3.60) 



4 

and an analogous term with the opposite chiraUties. After an 50(9) Fierz rearrangement this becomes 

i 



-n '^e^PaaP/Sa O'te) ■ Sal3 - (ipaj^) ' jL 



(3.61) 



The first term cancels against the variation of n in the 'kinetic term' for Paa, but there is no other 
contribution to cancel the second term. Instead this term vanishes by itself on account of the specific 
form (3.55) of Paa- because there are only odd order 7-matrices, the contributions that survive in the 
trace vanish by symmetry. 

Secondly, we have no complete cancellation of all terms (even neglecting higher order fermionic 
terms), and therefore no complete supersymmetty. This is because we are left with the following 
terms 



+ -n ^ef{e-ij)c^Pc,aliapPp^{l3Xih - 2" ^e'^(7aj)a^aa7ja^^/3^(7i£)/3 
—n^^e'^epPp^'^iPaXiaPaa - 7^n~^ ^"^ ^pPfipljfiaXjaPaa- (3.62) 



These terms apparently cannot be cancelled with the present fields, because the only coupling between 
Xi, Xj ^rid Paa is the one given in the Lagrangian. We interpret this as an indication of the need to 
introduce additional fermionic fields for the type II theory, a fact which is further supported by an 
analysis of the supersymmetry algebra. 

On investigating the closure of the supersymmetry algebra we find that it no longer closes into 
time ttanslations and gauge transformations as the type I superalgebra, even disregarding higher order 
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fermionic contributions. For instance, the commutator on the RR fields gives 



(3.63) 



minus a term with £\ and £2 exchanged (and a term where the gauge fields are varied). After an 
50(9) Fierz rearrangement, we obtain 

82] [e^^Poco) = Dt [^e'^'^Paa - CliaP^yPp^ - ^ IjaP^'^'^ Pafi] ■ (3-64) 

Here 

^* = -in~^{e2a£ia + £2a£la) (3.65) 

is the expected (doubled) time translation parameter. In addition, we now have the two new parame- 
ters 

= -irr'^£2aliap£lp = -in~^£2alja0^ip (3.66) 

which look hke spatial translations ! The correct interpretation of these terms remains an open prob- 
lem for the time being. 

We conclude this subsection with some comments on the level i = 2 sector of the Eiq coset 
model which contains the spatial gradients of the NSNS fields, and which we have analysed only 
partially (see also section 5). As we saw above, the supersymmetry variations (3.43) of the fermions 
only include the contributions from the NSNS fields, but not their dual fields, whereas the RR sector 
at £ = 1 contains both the time derivatives of the RR fields and their first order spatial gradients via 
Paa- At level £ = 2, the relevant representation of 50(9,9) is an antisymmetric 3-tensor Pijk = 

(2) 

^IJK containing the spatial components Ua he of the spin connection and the (gauge invariant) spatial 
gradients F^^pW NSNS 2-form hmn- As with the ^9 decomposition of [13], we cannot so far 
accommodate the trace components uja ah and wio lofe (the latter being directly related to the spatial 
gradients of the dilaton </?). We will thus consider only the traceless part 

be = i^abc + -^{Sab^^dcd — ^ac'^d hd)- (3 .67) 

which contains the fully antisymmetric part ui[abc] as well as a mixed Young tableau representation. 

As before, we determine the relevant expressions for the NSNS gradients from the supersymme- 
try variations (2.2c), rather than the equations of motion. Evaluating (2.2c), we find the following 
contributions 

^ujahcTmV-''' - ^i^ioabcr"'^)^ (3.68a) 
,abcT''' - ^Fio„bcr'°r'"=)£, (3.68b) 

N ( - ^o-abcror"^^ - ^Fio„6cror^°r"^^) £. (3.68c) 

We note that, converting back to curved indices, the prefactors are of the desired form; for instance, 
the coefficient of the two-form gradient Fj^^piQ above comes out to be 

Chi^ = e"^. (3.69) 





3 


g4(- 










3 






3 





15 



We make the following ansatz for the £ = 2 contributions (5^^^ to the supersymmetry variations: 



<J Xa 




ex ir\c>\ 

\j. IKjcl) 


" Xa 




\D, lyJU) 


" Xia 


— 1(^7-) jk 








(3.70d) 






(3.70e) 






(3.70f) 



Note that these are indeed the only 50(9) x S'0(9)-covariant expressions one can write down for 
the variations. Combining the ansatz with our results (3.68), we can read off the expressions for the 
components of Pjjk in the 50(9) x 50(9) decomposition, viz. 

Pijk 

Pijk = ne 
Pifk = rie 
P-ijk = 

(Only the components with both barred and unbarred indices contain the mixed Young tableau repre- 
sentation in UJmnp-) 

We will check these results against the bosonic equations of motion in section 5. Observe also 
that including the NSNS gradients might affect the closure of the supersymmetry algebra, but cannot 
affect the extra terms (3.62) in the variation of the Lagrangian. 

Finally, the appearance of the combination 

Hta = Dt^a + e^'^Paa^a + ^'^ Pijkla^^P' (^•'^2) 

in the supersymmetry variations (3.43) combined with (3.70) signals the beginning of an enlargement 
of the 50(9) X 50(9) covariant derivative to a derivative which is also covariant w.r.t. the RR fields 
e 2 '^Pcta on level 1 and the level 2 fields e'^PjjK- These should be interpreted as the first terms beyond 
the 50(9) X 50(9) covariantization in a K{Eiq) covariant derivative acting on the K{Eiq) spinor 
representation of which the fermions above make up a small part (the grading being kept track of by 
the dilaton factors). Similar recombinations occur in the Lagrangian (3.59) for the kinetic terms of 
the fermion fields. 

4 Level decomposition of eio under its 50 (9, 9) subalgebra 

In this section we prepare the analysis of the Eiq /K{Eiq) cr-model by studying the decomposition of 
the hyperbolic KM algebra eio under its Dg = so (9, 9) subalgebra. This will pave the way for the next 
section, where we will establish the matching between the equations of motion of the Eiq/ K{Eiq) 
at the first two levels with the appropriately truncated bosonic equations of motion of D = 11 su- 
pergravity. This matching is analogous to the one obtained w.r.t. the decomposition in [13]. The 
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-2^e,-e/e/ + \f^^^^^ , (3.71b) 

'^ei^ej^e\? ^-CJmnp — ^-^mnpTo^ ' (3.71c) 
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Figure 1: The Dynkin diagram of eio with the regular Dg subalgebra indicated by the solid nodes. 



Dg decomposition of Eiq also allows for a simple proof that the second simply-laced maximal rank 
hyperbolic Kac Moody algebra DEiq is actually a proper subalgebra of Eiq — in agreement with the 
embedding of type I into type 11 supergravity. 

The (split) algebra eio is the Kac-Moody algebra defined by the Dynkin diagram of figure 1, where 
we have marked the nodes which define the regular subalgebra of type Dg, numbering them from i = 
1, 9; the remaining node will be labeled by '0'. The Dg subalgebra appears not in its compact form 
so(18), but via its split form so(9, 9) C cio — in fact, the compact algebra so(18) is not a subalgebra 
of eio (whereas so (16) C 63(8) obviously is). The algebra eio can now be decomposed into an infinite 
sum of irreducible representations of 50 (9, 9). For the determination of the latter one can use the same 
techniques as the ones that were used in [14] to work out the level decomposition of eio w.rt. its Ag 
subalgebra to rather high levels. The results are tabulated in appendix B, which also gives the outer 
multiplicities of the relevant representations, i.e. the number of times they appear at a given level. 
Observe that at even levels we have only vectorial representations, whereas at odd levels all SO {9, 9) 
representations are spinorial. Under the 50(9) x SO {9) subgroup these appear as the product of 
two spinorial SO{9) representations and therefore as tensorial (single- valued) representations of the 
diagonal SO{9). We will thus associate the even level representations with the NSNS type fields, and 
the odd level ones with the RR type fields'. 

4.1 £^10 at low levels 

We first spell out the relation between the eio Chevalley generators and the S0{9, 9) generators used 
in the supersymmetric cr-model description. To begin with, we would like to identify the Dg Chevalley 
generators e^, fi and hi with i = 1, . . . , 9 in terms of the SO{9, 9) generators M^-^ = —M"^^ obeying 
the standard commutation relations 

[M^-^, M^^] = rj^^M-^^ - ri^-^M^^ - rj^M'^^ + rj^-^M^^, (4.1) 

with 

r?^'^ = diag[(+)^(-)9] ^ rf^ = 5'^ = -rf^ ; r]'^ = rf^ = Q (4.2) 

where we made use of the S0{9) x S0{9) indices / = {i, i) already introduced before. We use 77 to 
raise and lower indices in the standard fashion. With the Cartan-Killing form 

(M"|M^^) = ,7^V^ - V'^'v'"' (4.3) 
we can split the generators into compact and non-compact ones 

X'j=M'^ , X'^ = -M^ ; Y'^=M'^. (4.4) 

^For the Ag decomposition, there is no such distinction because Ag does not admit (finite dimensional) spinor repre- 
sentations. Similarly, S0(9, 9) does not admit (finite dimensional) representations which decompose into spinors of the 
diagonal SO{9) subgroup. 
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The inner product of the non-compact generators is then 

(yU|yfei") = ^ik^jT (45) 

The so (9, 9) Chevalley generators are obtained by setting (recall that z = i + 8, etc.) 

= 1 (^M^'^ - M^+^'^ + M'+^'' - M^'^) (4.6a) 

= 1 (^M'+^'^ - M^'^ - M^'^ + M^+^'^) (4.6b) 

hi = M*+^'^-M*'* (4.6c) 
for z = 1, ... ,8 and 

eg = 1(m9'« + m9'«-M9'«-M9'8) (4.7a) 

/g = _i(^M^.8 + M^'^ + M^'^ + M^'^) (4.7b) 

/ig = -M^^-M^^. (4.7c) 

With the <S'0(9, 9) commutation relations given above it is straightforward to check that they indeed 
satisfy the generating relations. Furthermore, the standard invariant bihnear form is precisely the one 
given by (4.3). 

The remaining independent generator at level £ = is the Cartan subalgebra generator T corre- 
sponding to the fundamental weight Aq associated to the node marked in figure 1, whose exphcit 
form is 

9 7 

T = -hi- 2/i2 - 3/i3 - 4/i4 - 5/15 - 6/i6 - 7/17 - -hs - -hg - 2ho. (4.8) 

It generates a GL{1) = M+ subgroup which commutes with and is orthogonal to the so(9, 9) subal- 
gebra, and is normalized according to 

(r|M^-^) = 0, , (r|r) = -i. (4.9) 

The maximal compact subalgebra is the invariant subalgebra w.r.t. the Chevalley involution 

w(ei) = -fi , Lj{fi) = -Cj , uj{hi) = -hi ; (4.10) 
and is therefore spanned by the multiple commutators of the (e^ — fi). From 

Si-fi = M^'^-M'+^'' 

eg-fg = M^'^ + M^'^. (4.11a) 

we see that the combinations {eg — fs) i (eg — /g) are Lorentz generators solely containing barred 
j^9,8 unbarred indices M^'^, respectively. Under further commutation with the remaining (e^ — fi) 
we can thus obtain any Lorentz generator with only barred or unbarred indices. This identifies the 
maximal compact subalgebra as so (9) ® so (9), as anticipated. 

Performing a decomposition of do into representations of so (9, 9) we obtain the table given in 
appendix B whose first four entries we reproduce here for convenience. (All fields occur with outer 
multiplicity one.) 
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I \pi...p()] ,50(9, 9) generator Transposed generator at level 

[010000000] M^'^ Mi J = lo{M^'^) 

[000000000] T T 

1 [000000010] Ea 

2 [001000000] E^'^^ FjjK 

Having already discussed £ = above, we see from the table, there is only one representation at 
level £ = 1, with Dynkin label [000000001]. This is the 256s spinor representation Ea of so(9, 9); 
the Chevalley generator cq of eio corresponds to the highest weight state of this representation. The 
components of the spinor Ea carry GL{1) charge ^ with our choice for T. Using the Weyl spinor 
notation of appendix A, we thus have 

[M''',Ea] = -^^'/bEb, (4.12a) 
[T,Ea] = \Ea. (4.12b) 

The conjugate generators —uj{Ea) = Cj^^F^ at level i = —I belong to the conjugate spinor 
representation 256c. *^ This follows from the fact that the Chevalley involution reverses chirality, 
which itself is a consequence of the fact that the chirality operator T* (see appendix A) is represented 
as the product over an odd number of Cartan subalgebra generators in terms of F^"^, which impUes 

L0{hi---hg) = -hi---hg (4.13) 
which in turn requires that on the spinor representations 

a;(f *) = -f * (4.14) 

Using dotted indices, we have the commutation relations 

[m'',Fa] = -h^'A^B, (4.15a) 
[T,Fa] = -\F^. (4.15b) 

The commutator of level i = 1 with level t = —lis 

[Ea,F^] = \{ll''C)^^Mjj-hz^^T, (4.16) 

where the constants are determined from the inner product of these fields within eio 

{Ea\F^)=C^^. (4.17) 

At £ = 2 we have the 5o(9,9) representation with Dynkin label [001000000], i.e. a 3-form 
generator E^^^ with commutation relations 

[^/J^^XLM] ^ ^^I[K^LM]J _^^J[K^LM]I^ ^^ ^^^^ 

It is generated by taking the commutator of two £ = 1 generators 

[Ea,Eb] = ^{^ijkC)abE''^''. (4.19) 



^Here C pertains to the charge conjugation matrix, see appendix A for notation. 
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Note that S^-^^C is indeed antisymmetric as required for consistency. The transposed field 

FijK ■= -uiE'-"") (4.20) 
(note the position of indices) satisfies 

^j^IJ^pKLM^ = ^I{KpLM]J _^^J[KpLM]I (4_21a) 
^rp^pKLM^^ ^ _pKLM (4_2ib) 

[Fa^Fb] = -\(^''''C)abFuk (4.21c) 

To determine the proper normalization of the level 2 generators, we observe that the combination 

V = E^'^^ + E^'^^ + E^^^ + E^'^^ + E^^^ + E^'^^ + E^^^ + E^^^ , (4.22) 

is the lowest weight vector of the representation with basis elements E^'^^ . NormaUzing it according 
to —{v\ui{v)) = 1 we deduce the inner product of E^'^^ and Flmn 

{E^'^'IFlmn) = (4.23) 

This normalization was also used to fix the constants in (4.19) and (4.21c). 
The remaining commutators up to level £ = 2 are 

[E'''',F^] = l^'j^fEB, (4.24a) 

8'^BA B' 

3 .UK J. 9^ 

Finally, let us have a look at the 'affine representations' analogous to those identified in [13], 
and proposed there to be associated to the spatial gradients. In the present decomposition, they are 
(n > 0) 

£ = 2n+l < — > [nOOOOOOlO] (4.25a) 

£ = 2n + 2 < — > [nOlOOOOOO] (4.25b) 

Like the corresponding representations in [13], they appear all with outer multiplicity one. Trying a 
similar interpretation, we are led to associate (7 = 1, . . . , 18) 

dh---di^Paa < — ^ [nOOOOOOlO], (4.26a) 

di,---di„PjKL ^ [nOlOOOOOO], (4.26b) 

since the generator Ea — CaaFa multipUes a field strength P"^ = P^a under 50(9) x 50(9). 
As these are representations of 50(9, 9) they come with an additional tracelessness constraint, for 
example 

K^p^djP^P = 0- (4-27) 

Notice that these are now 18 -dimensional 'gradients', and therefore an interpretation along the lines 
of [13] is more subtle. Splitting the 18 components into 9+9, and recalling that the two 5*0(9) groups 
act on left and right moving sectors of the superstring, respectively, we are led to tentatively associate 
these representations to the derivatives w.r.t. the left and right moving target space coordinates and 
= X* (where the latter are defined by the worldsheet duality relation d±x^ = ±d±x^). We see no 
direct trace of the derivatives w.rt. the circle in the eleventh direction, but we know from the GL(IO) 
analysis of [13] that they are present. 



[f'-''',Ea] = --t'^^F^, (4.24b) 

[e''^,F,mn] = -^&NT-^-r6\[iM^^^y (4.24c) 
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1 2 3 4 5 6 7 8 

Figure 2: The Dynkin diagram of DEio = D^"^ with the regular Dg subalgebra indicated by the 
solid nodes. This subalgebra is identical to the one of Eiq in figure 1 . 



4.2 Type I C Type II, and DE^o C -Bio 

Type 1 supergravity is a subsector of the type 11 theory and is conjectured to possess a hidden Kac- 
Moody symmetry DEiq in one dimension [4]. The Dynkin diagram of the hyperbolic over-extension 
DEiQ = -Dg""*" is displayed in figure 2. Here we show that the conjectured DEio symmetry is com- 
pletely consistent with the Eiq symmetry of the type llA theory by proving that deio is a subalgebra 
of do ^. More specifically, the elements DEio form a subset of the NSNS sector of Eiq, correspond- 
ing to the even levels in the Dg decomposition of Eiq. We note that the analogous embedding of 
DEii into Ell was recently estabUshed in [27] also by invoking the embedding of type I into type 
llA supergravity, but the level decomposition via their common Diq has so far not been studied in 
any detail. 

It is evident from figure 2 that DEiq has a regular Dg subalgebra, and therefore also admits a 
decomposition into SO{9, 9) tensors. To facilitate the comparison with Eiq, we have chosen the 
same labeling conventions for both Dynkin diagrams. In order to distinguish the two decompositions, 
we will in this subsection denote by £^ the level in the decomposition of DEiq with respect to Dg 
and by £^ the level of the Eiq decomposition. The level £^ = £^ = sectors contain the adjoint 
of so (9, 9) and a scalar in both decompositions. Since we tentatively identified these fields in the 
£^10 decomposition with the type 1 fields, the two so (9, 9) are naturally identified. In order to retrieve 
DEiQ in EiQ all that remains to be done is to identify the simple root of DEiq as a real root in 
the £^10 root lattice; the subalgebra property is then a simple consequence of Thm. 3.1 of [45]. 

The type I fields are (contained in) the NSNS fields which belong to the even levels £^ e 21 of 
the EiQ decomposition. The only representation at level £^ = 2 has Dynkin labels [001000000] and 
is generated by a highest weight vector in the root space of 



04 + 2q5 + Sag + Aa^ + Sag + 209 + 2aQ =: 2ao + rajaj (4.28) 



1=1 



in the £^10 root lattice. This formula is easily read off from the list of highest weight vectors (see 
appendix B), and it is also easy to check that Qq is a real root. This root also appeared in [27] in the 
context of very-extended symmetries of type 1 theories as a subsector of type 11. We can thus adjoin 
this root to the nine (common) simple roots of so (9, 9) called (i = 1, . . . , 9). Using the inner 
product in £^10 one verifies that their inner product matrix is just the Cartan matrix of DEiq; hence, 
the ten elements Uq, ai constitute a set of simple roots within £^10 as none of their differences is a root. 
Therefore [45], they generate a subalgebra of £'10 which is just DEiq. This could have been guessed 
already by inspection of the £>£^io diagram, where the representation a.t£^ = 1 corresponding to the 
simple root aQ is easily is seen to be [001000000], which is also the only representation appearing at 
level £^ = 2 for Eiq. 



'This shows that there is really only one simply laced maximal rank 10 hyperbolic Kac Moody algebra, a fact which 
seems to have gone unnoticed in the literature! 
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We note a few immediate consequences of the embedding DEiq C Eiq. First of all, if a root a is 
a root of both DEiq and Eiq, and therefore belongs to the root lattice of DEiq embedded in the £'10 
root lattice, the multiphcity of a as root of DEiq cannot exceed its multiplicity as an Eiq root^'^ 

multi3Bio(a) < multEi(,(a). (4.29) 

We recall that the condition for a positive DEiq root a = X]a=o ''^a'^a contain a highest 
weight vector for a so(9, 9) representation with Dynkin labels [pi . . . pg] at level £^ = is [13, 14] 

9 

mF = -T.^ij'P^+^is'^''^ (4.30) 

for ? = 1, . . . , 9, where S is the Cartan matrix of Dg. Similarly, the condition for Eiq and the same 
representation is 

9 

mf = -Y,S^'Pj + S-g'£''. (4.31) 

Subtracting the two conditions, and using £^ = 2£^ from the explicit form in (4.28), we find 

mf = mf + e^Hi, (4.32) 

in agreement with the embedding of the lattices. Consequently, any admissible representation in the 
DEio decomposition yields an allowed representation in the £^10 representation. The converse can 
be shown to be true using the hyperbolicity of DEiq. 

Using the embedding it is also evident that for each admissible representation of both DEiq and 
£10, the outer multiplicities obey an inequality analogous to (4.29), namely 

I^DEw{ot) < mo(«)- (4-33) 

This inequality follows from the fact that all representations in DEiq are obtained from commuta- 
tion of the £^ = 1 representation and this representations is present on £^ = 2 in £10 obeying the 
same commutation relations. Additional fields in £10 can arise by taking commutators of odd level 
elements into account, thereby increasing the outer multiplicity compared to its value in DEiq de- 
composition. The effect of these additional fields in view of (4.33) can be studied in the tables of 
appendices B and C. 

As a ten dimensional string theory, type I is obtained from type DA by gauging a combination 
between world-sheet parity and space-time parity. (This breaks the Poincare symmetry in ten dimen- 
sions; also clear since the 32 D8-branes required for the only consistent 5*0 (32) gauge group, act 
as domain walls. Actually, one should start from IIB but after compactification they are equivalent 
anyway.) This parity is seen to leave all the NSNS-fields intact and we can study (at least empirically) 
the question if the type I NSNS fields are all fields on the even levels of £10 decomposed with respect 
to so (9, 9). (Algebraically, this question is equivalent to studying the obvious subalgebra given by all 
even levels £^ G 2Z and asking whether it is identical to DEiq.) From the tables in appendices B 
and C, it is apparent that there are fields in £10 which qualify as NSNS fields but which do not derive 
from the type I subalgebra. An example of such a field is the representation [000000100] on level 

'"in fact, inspection of the available tables of root multiplicities suggests the stronger inequalities [47] 

multDBio(a) < P8 (1 — \o?) < mult£;io(a). 
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= 6 {i^ = 3). Assuming the validity of £"10 as a symmetry of M-theory we can therefore learn 
something about the additional degrees of freedom from studying these tables. 

Finally, we note that the decomposition of Eiq under its regular Ag subalgebra, as studied in 
[13, 14], can be used to establish that (the non-hyperbolic, over-extended) AEiq is a subalgebra of 
EiQ as well. This was already shown in [32] for all very-extended algebras where this subalgebra 
corresponded to the gravity subsector of the generahsed M-theories. The new simple root is now 

«o = Q!3 + 2q!4 -|- 3a5 -|- 4a6 + Say -|- Sag -|- ag -|- Sag (4.34) 

As in [32], ^£^10 is associated with the gravity sector here, too (see also [6]). The levels containing 
fields belonging to that subalgebra are multiples of three: £ = 3n. The embedding AEio C Eio 
implies inequaUties analogous to (4.29) and (4.33). 

5 Eio I K (-E10) coset space dynamics 

5.1 The E^qIK{E^q) tr-model at levels £ = 0, ±1 

In [13] it was shown that a truncated version of the D = 11 supergravity equations of motion, where 
one retains only the fields and their first order spatial gradients, can be mapped onto a constrained null 
geodesic motion in the infinite dimensional coset space £'io(M)/i^(i?io). The detailed comparison 
there was based on a level expansion in terms of the Ag subalgebra of eio up to level £ = 3, or 
alternatively up to height 30 in the roots of eio. Here, we will repeat this analysis, but now in terms of 
the level expansion of eio w.r.t. its Dg subalgebra, using the results of the foregoing sections. While 
the Ag decomposition is appropriate to the direct reduction from eleven to one dimensions, with the 
GL(IO) global symmetry acting in the obvious way on the spatial zehnbein, the Dg decomposition 
is linked to the reduction of the IIA theory from ten to one dimensions, and hence by duality also to 
the type IIB theory, as we have explained. Apart from technical differences, such as the appearance 
of spinor representations of Dg at odd levels, the Dg decomposition thus provides a different, and 
more 'stringy' perspective, because the group 50(9, 9, Z) is the T-duality symmetry known to arise 
in the compactification of the HA superstring to one dimension. Indeed, extra work was required to 
bring the dimensionally reduced Lagrangian into an 50(9, 9) resp. 50(9) x 50(9) invariant form, 
because only the global 5L(9,M) C 50(9,9) and the local 50(9) = diag [50(9) x 50(9)] are 
manifest in the dimensional reduction. Accordingly, the £ = sector already contains part of the 
3-form field Amnp, whereas in the ^9 decomposition it only contains the metric (zehnbein) degrees 
of freedom. Here, we will analyse the ^ = 0, 1 sector, and perform some partial checks for the £ = 2 
sector. 

For this purpose, we slightly adapt the method of [13]: we will not use a background metric in 
order to be able to avoid having to introduce a 'spinorial metric' to deal with the odd level spinorial 
representations (for the Ag decomposition this problem does not arise because 5L( 10) does not have 
spinorial representations). Let us also emphasize once more that the identification of the relevant a- 
model quantities (cf. (5.4) below) with the corresponding field strengths of L> = 11 supergravity was 
derived via an analysis of the supersymmetry transformations, so the comparison with the bosonic 
equations of motion we are about to perform serves as an additional consistency check. 

As for finite dimensional cr-models, we describe the bosonic degrees of freedom in terms of a 
'matrix' V(t) G -Eio depending on one time parameter t. The quantity 5tVV~^ then belongs to the 
Lie algebra eio and can be decomposed into a connection Q in the maximal compact subalgebra fieio, 
and a coset component V: 

dtVV-^ = Q + r. (5.1) 
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In order to make the grading and dilaton dependence more explicit, we parametrize the coset element 
as 

V = e'^^V (5.2) 

by factoring out the dilaton. With this definition, the terms at level ^ in (5.1) will be dressed with an 

I 

explicit factor e^^. In a triangular gauge, where the V is the exponential of a Borel subalgebra with 
only contributions from levels ^ > 0, we thus obtain 

dtVV-^ = dtip-T + e'^'^{dtVV-^)e-'^'^ 

= dt^-T + PijY'^ + e^^P^2^E^ + e'^Pi%E'-^'' + ... (5.3) 

where the dots stand for higher level contributions which we neglect, and the superscripts indicate 
the level for i > 0. SpUtting the terms on the r.h.s. according to whether they belong to the compact 
subalgebra or the coset, we get 

V = dtv-T + P.jY'J + ie 2 P^i) {Ea + C^b^b) + b'' PfJ^E''^'' + Fuk) + • • (5.4) 
For any variation along the coset 

5VV-^ =k = kijY'^ + \kA{EA + C^^F^) + \Kijk{E'J'' + Fuk) . . . , (5.5) 
with — a;(A) = A, we therefore have 

5 {dtVV-^) = dtA - [Q, A] - [V, A] (5.6) 

Thus, the local supersymmetry variations at levels £ = and £ = Iwce identified as follows, cf. (3.27) 
and (3.58), 

kij = iSaliapXj/3+i£aljapXip (5-7a) 



Aa = kaa = 2z 



£aXa - SocXoc + SfSli/SaXia - ^plj^aXja 



(5.7b) 



where we have rewritten the 50(9, 9) spinor as an (16, 16) bispinor under 50(9) x 50(9) as before. 
The above formulae are convenient both for deriving the equations of motion as well as keeping track 
of the dilaton dependence in the variations of the P's. For instance, we have 

6Pij = DtAij 

6{e^'^P^^^E^) = DtkAE^ + ^e^'^ [P^ ^ {E^ - C^^F^) , kijY'^] + ... (5.8) 
The (bosonic) null geodesic motion in Eiq/ K[Eiq) is governed by the Lagrange function [13] 
C = (5.9) 
which gives rise to the ii'(iiJio)-covariant equations of motion in the standard fashion: 

Vt{n-^r) = dt{n-^V) - n-\Q,V\ = 0. (5.10) 

Since we understand the Kac-Moody algebra eio at the very lowest levels only, we truncate the 
expansion (5.4) and the evaluation of (5.10) after some level to obtain an approximation to the dy- 
namics. Notice that the higher level terms come with additional powers of the 'string coupling' e^''' 
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(recall, however, that our dilaton is different from the standard IIA string dilaton), which would be 
suppressed for (if) < 0. In order to write the equations of motion we explicitly covariantize with 
respect to SO (9) x S0{9) by replacing df by the 5*0(9) x SO (9) covariant and leaving out the 
contribution from Qij and Qij on the r.h.s. of (5.10). This results in expressions like (3.31) for spinor 
and vector indices. 

The expansion of the coset Lagrange function up to level £ = 1 yields 

jC = Jn-l (^PijPij - (dt^f) + ^n-^e'^PaaPaa , (5.11) 

and this agrees indeed with the first line of the reduced type II Lagrangian (3.59). Note that P^^^ = 
Paa is to be expanded in terms of odd degree 7-matrices since all (^-dependence resides in the pref- 
actor e*'. 

From (5.10) we can derive the cj-model equations of motion for levels i < I, and compare them 
with those of massive IIA supergravity. The bosonic equations of motion at levels ^ = 0,1 that follow 
from (5.10), with contributions up to \£\ = 2, read 

dt{n-^dt^) = ~n-^e^PaaPaa+ (5.12a) 

A(n-^Pij) = \n-'e^YapjyPaaP0- (5.12b) 

_l„-ie2^ [p,,iPjki - 2P,,jPj,j + Pf,jPj-,j) +... 

Dt{n-\^P^^) = ^-^l^^^_-n-\^P,jPp-p+ (5.12c) 

+\n''e'^P,-,{- P.,klf,6,-, + 2.P,^j£^^ ^P.,rf.,l% + P^k^^^^ 

where we have now dropped the superscripts indicating the level for simplicity of notation, and where, 
for instance, the last line is obtained by expanding out ^^a^ Pb^ Pj^k terms of SO{9) x 50(9) 
indices. We have included the £ = 2 contributions for completeness but will only make partial use of 
these terms when relating (5.12) to the reduced massive IIA equations of motion. 



5.2 Equivalence to type II supergravity 

For the comparison with massive IIA supergravity, we first note that the correctness of the £ = 
truncation akeady follows from our rewriting of the reduced Lagrangian into a-model form. In par- 
ticular, the 50(9) X 50(9) covariant derivative Dt takes care not only of the terms involving the spin 
connection, but also the couplings of the NSNS field ^„j„fo- 

We will now demonstrate in examples that the cr-model equations (5.12) coincide with the various 
components of the bosonic L> = 11 supergravity equations of motion (2.3) and the Bianchi identities 
(2.4). For the latter we will use flat indices, which results in extra contributions from the spatial 
components of the spin connection, as in (3.48). For the contributions generated by the Romans 
mass M, we merely check the couplings against the results of [15], but not the precise numerical 
coefficients. 
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At level ^ = 0, we deduce the following equations of motion for P^j and (p from our definitions 
(3.19), 

^-nDt{n-\P,j - P,,)) = -n5,(n-iff-V^^^^,ro)' (5-13b) 
ndt{n-^dtip) = -N^{-^Rio,io-S''''Rab). (5.13c) 

We have separated the symmetric and anti-symmetric part of the equation for Pjj since it is clear 
from (3.19) that the first will correspond to Einstein's equation of motion while the latter should 
reduce to the equation for the NSNS 2-form. It is easy to check from (2.3) that they are equivalent 
to the vanishing of the equations (5.13) if one considers only contributions from £ = 0. Note that 
the combination of Ricci tensors in (5.13a) is correct in that it cancels contributions of the form 
^ijd^^O^'^^tmpW^tnqU) ^01^ (2.3b) as required, since (5.12b) does not have any such trace terms. 
The contribution to (5.13a) from the RR fields at ^ = 1 on the r.h.s. of (5.12b) yields, taking Gtmnp 
as an example, 



-n-'e^g'2g^^gPiGtimpGtjng + ln-'e^gUijg"'^gPig''GtmprGtngs. (5.14) 



(note the appearance of the redefined field strength (3.46)). This coincides indeed with the corre- 
sponding term on the r.h.s. of Einstein's equations (2.3b). The other contributions work analogously. 

To analyse the £ = 1 equations for P^a, we make use of the expansion (3.50) (rather than (3.55)) 
and first write out the covariantizations containing the £ = fields 

nA(n-^e'^Paa) - ^e'^Pij{j'PjJ) ^- = ndt{n-^ e'^ P^a) + -^e^^e^dtemj b'',P]^^ + 

^Pu^ W'^ P].. - \e^ene,^ b^'Pl'^)^, + \^Fum (7'^^7^')a. (5.15) 

1 

The structure of this equation explains the necessity of the factor which we first encountered in 
(3.50): contracting e(j"'(?te„y) with the trace term coming from 

produces a contribution which either cancels the derivative dtg^^^ in dtPaa for even p (and thus 
gives the Bianchi identities) or enhances it to the desired dtg^l'^ required by (3.39) for odd p (and 
thus the equations of motion). Furthermore, the other terms involving the time derivative of the 
neunbein conspire to give either derivatives of the curved 'momenta' with upper indices for odd 
p, corresponding to equations of motion, or with lower indices, corresponding to Bianchi identities. 
Note also the occurrences of the factors and e*^ in agreement with our calculations in section 

3 leading to (3.50): For even -p, all n and dependence in the derivative cancels in addition to the 

1 

disappearance of the 54 . 

It is quite remarkable how the various 7-matrix structures in (5.15) conspire not only to give the 
correct factors of the metric determinant, but also the correct contributions to the equations of motion. 
For instance, with a little more 7-matrix algebra one can now check that the terms in (5.15) involving 
the NSNS field strength F^^.-^^ likewise reduce to the corresponding terms obtained by writing out the 

relevant components of the equations of motion (2.3a). Evaluating (5.15) for the term containing 7^^) 
and using the coefficients from (3.50) we find up to £ = 1 

'-'ty"- y^g g g ^tn\n2n3) — -^trir2l0^i^2S3«4-v-'-^'/ 
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(The appearance of Fs^s2S3S4 rather than Gs-i^s2S3S4 here is explained by having reconverted back to 
curved indices.) This is in precise agreement with (2.3a) evaluated for NPQ = mim2m^. Actually, 
this evaluation produces two contributions on the r.h.s.: one with t and 10 in the same field strength, 
and one where the t and 10 are in the two different field strength factors. In the latter, F^^pYo 
corresponds to gradients of the NSNS two-form, and hence to a the contribution coming from the 
level 2 field Pijk from the r.h.s. of the £ = I equation of motion (5.12c); and the contribution to 
(2.3a) has the correct structure to agree with the a-model. 
Evaluating eq. (5.15) for the term 7^*'^ with p = 1 gives 

dtin-'e^gh""'Ftn) = 2n-^gh'^g""^gP'^g-'GtnprF^g,ro- (^.18) 

This can be shown to be equivalent to the equation of motion of the Kaluza-Klein vector by reducing 
the eleven dimensional Einstein equation (2.3b) to the type IIA equation. 
For p = 4 eq. (5. 15) yields 

From (3.48) we see that this is indeed the correct form of the Bianchi identity, because the r.h.s. of 
(5.19) is just the second term on the r.h.s. of (3.48). Similarly, the first term on the r.h.s.of (3.48) is 
reproduced by the level i = 2 contribution in (5.12c). 

The equation for the field strength of the Kaluza-Klein vector (p = 2) is 

dtFnp = -mdtF^^^^^ , (5.20) 

where M is the Romans mass from (3.50); for M = it reduces to the Bianchi identity for the Kaluza 
Klein vector. 

Finally, the equation of the Romans parameter is 

dtM = (5.21) 

which makes it to a constant parameter of the theory, as required by [15]. 

The contributions of M to the equations of (p and Pjj from (5.12) work out correctly as well. For 
example, for (p we get a quadratic mass contribution of the form 

ndt{n-^dt(p) = -AM^g^n^e''^ + ... (5.22) 

whose structure agrees with [15]. Similarly, our theory also reproduces the quadratic mass contribu- 
tion to the equation of Pjj and therefore to the Einstein equation. 

In conclusion, the cr-model on Eio/K{Eio) correctly reproduces the bosonic equations of motion 
of massive IIA supergravity in this truncation. 



6 Discussion 

The fact that the reduction of N = 1, D = 11 supergravity to one (time-like) dimension with a mass 
term in the reduced theory admits a local 5*0(9) x 5*0(9) invariance was shown to be in perfect agree- 
ment with a (j-model on Eiq/ K{Eio), if one restricts to the bosonic sector and truncates at \i\ = 1 in 
the decomposition of Eiq under its Dg subalgebra. Our partial checks of the £ = 2 sector containing 
the spatial gradients of the NSNS fields indicate that the agreement persists to higher levels as well. 
Our analysis also incorporates the fermionic degrees of freedom, which could be fitted into irreducible 
representations of 50(9) x 50(9), such that the resulting theory for the type 1 theory was locally 
supersymmetric to linear fermion order. Adding the RR fields from level £ = 1 in Eiq to extend 
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to the full (massive) type II theory was accompanied by including the necessary second set of chiral 
fermionic fields, and we noted that the resulting Lagrangian was not completely supersymmetric any 
more. From the cj-model viewpoint this is clearly related to the need of introducing all the infinitely 
many other fields contained in Eio which can be generated by commutators of ^ = 1 fields. In order 
to obtain a fully supersymmetric model one would need to also include infinitely many new fermionic 
degrees of freedom, extending the finite dimensional spinor representations of SO (9) x 5*0(9) to a 
single irreducible infinite dimensional spinor representation of K{Eioy^. Constructing such a repre- 
sentation is one of the tantalizing challenges in the current framework. 

As we mentioned in the introduction, the Dg decomposition is thought to be 'stringier' than the 
one in terms of SL(IO) representations because 5*0(9, 9, Z) is directly identified as a string T-duality 
group. One would thus hope that the decomposition of Eiq under its Dg subalgebra would eventually 
provide more insight into the higher level fields, partly because of the analogy with NSNS and RR 
fields on even and odd levels. However, we have not been able so far to detect traces of massive 
string states in the tables of appendix B. The special role assigned to the 10-th spatial direction 
necessary for the 50(9, 9) decomposition makes the gradient conjecture of [13] more elusive. The 
relevant representations are now 18 component derivatives, which we tentatively associated with left 
and right derivatives along the remaining nine spatial directions, modulo a tracelessness condition. 
The 'gradient' w.r.t. the dilaton direction remains mysterious in this set-up. 

Finally, we recall that N = I, D = 11 supergravity can be viewed as a strong coupling limit of 
type IIA supergravity via the identification [48] 

Rn = i^r^'gr, ^11 = (aOn?, (6.1) 

where Ru is the radius of the compactified 10-th spatial dimension. Thus the small tension limit 
a' ^ oo at fixed string coupling gs = e^^^'^ corresponds to the decompactification limit Rn oo. 
The level decomposition with the power of the dilaton as the grading resembles an expansion in pow- 
ers of the string couphng constant, even though the algebraic dilaton tp is different from the string 
dilaton (f). This is another point which deserves further study. 
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' ' The 'wave function of the universe' , alias modular form of [40, 41], would thus have to satisfy a linear supersymmetry 
constraint rather than a generalized Laplace equation on Eiq (Z) \-Eio /K{Eio) 
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A Gamma matrix conventions 



We here summarize our conventions for the three types of 7-matrices needed in this paper, namely 
for SO{9), SO{l, 10), and 50(9, 9), respectively. 

A.1 50(9) 

The SO (9) 7-matrices 7* are real symmetric 16 x 16 matrices obeying 

{f,j^} = 2d'^ , 7i...79 = l (A.1) 

where 1 is the 16 x 16 unit matrix. A complete set of 16 x 16 matrices is is obtained by forming the 
standard antisymmetric combinations 7*-' = 7[*7-'l, etc. Among these, 1, 7', and 7*-''^' are symmetric, 
while 7*'' and 7'^^^ are antisymmetric. We thus have the completeness relation 

1 1 1 j • j • 

1 ijk ijkrp I ijkl ijklrp ( A 0\ 

where T^p is any real 16 x 16 matrix. When we are deaUng with 50(9) x SO{9), the second set of 
50(9) 7-matrices is labeled with barred vector and spinor indices, i.e. we write 7!.^. 

Note also that the matrices 7*-^ and 7* together generate the non-compact group <S'0(1, 9). 
A.2 50(1,10) 

The 50(1, 10) 7-matrices will be designated by (with A, B, ... = 0, 1, ... , 10). They obey 

{r^,r^} = 2r/^^ (A.3) 

with the "mostly positive" metric rj^^. In a Majorana representation where = C (the charge 
conjugation matrix) we can express them directly in terms of the 50(9) 7-matrices introduced above 

= ai (g) 7* (A.4) 






1' 







1 








-1 





-1 


1 






= Q j = as ® 1 (A.5) 
ro = f 5* "M =e®l=C (A.6) 



with the standard cr-matrices 

^^=(! i) '={1 ~o) ""'={1 -1) ^^-^^ 

A.3 50(9,9) 

The 50(9, 9) 7-matrices are real 512 x 512 matrices, and are conveniently written as direct products 
of the <S'0(9) 7-matrices given above. To distinguish the 50(9, 9) 7-matrices from the previous 
matrices, we put a hat on them. We have 

r = (7i(8)7^(8)l , r* = e(g)l®7' (A.8) 
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with = I e {1, ... ,9,1, ... ,9} = {1, ... , 18}. One easily checks that with (4.2) 



2?7^-^ (A.9) 



as required. The representations relevant for the decomposition of Eiq are the chiral eigenspinors of 
Y* .-f^ ... f 9f ^ • • • f ^ = crs 1 1. (A.IO) 

The two representations will be denoted by 256s and 256c, respectively. We also need the charge 
conjugation matrix of 50(9, 9), which in this notation is given by 

C = e®l®l. (A.ll) 

and obeys 

CV^C~^ = -(r^)'^ , CV* + f*C = 0. (A. 12) 

Our representation of the 5*0(9, 9) 7-matrices is adapted to chiral spinor representations. In terms of 
256x 256 'a-matrices' a la Weyl-van der Waerden, and using undotted indices A, B,... G {1, 256} 
and dotted indices A,B,... G {!,..., 256} they can can be written as 

where C^^ = with our choice of basis, = [T.^f and f? = -(S')^. In 50(9) x 50(9) 
bispinor notation we have 

^aa,0 = ^»l3^a0 = +^aa,pP ' ^aa,pp = ^o^f^^'a^ = ~^aa,0- (A. 14) 

The Clifford relation (A.9) then reads 

Kc%B + Kc%B = V-^'^AB. (A.16) 

Furthermore, we define 

^AB:=^^ic^2^ , ^'/b--=^Ac^'cb- (^-17) 
The product 256s <X) 256c contains the singlet C^^ := S^^ which can be used to convert dotted into 
undotted indices, and vice versa. We have for example 

S^-^ + C(s")^C-^ = 0. (A.18) 



B Decomposition of Eio with respect to Dg 

In this appendix we present the first few complete levels of the decomposition of Eiq into represen- 
tations of its Dg subalgebra indicated in figure 1. The GL{1) charge in our conventions is always 
equal to £/2 where £ is the level in the table below, i.e. the number of times the root ao appears in the 
decomposition of a root 

9 

a = £ao + rriiai . 

i=l 

Furthermore, /i denotes the outer multipUcity with which a given Dg representation occurs. For the 
decomposition technique see [13, 14, 32, 29]. This computation can be carried out much further. 
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I 


Dynkin [ps] 


a € -Elo 


a' 


mult(Q:) 


/-( 


dim 


1 


[000000010] 


(0,0,0,0,0,0,0,0,0,1) 


2 


1 


1 


256 


2 


[001000000] 


(0,0,0,1,2,3,4,3,2,2) 


2 


1 


1 


816 


2 


[100000000] 


(0,1,2,3,4,5,6,4,3,2) 





8 





18 


3 


[100000010] 


(0,1,2,3,4,5,6,4,3,3) 


2 


1 


1 


4352 


3 


[000000001] 


(1,2,3,4,5,6,7,5,3,3) 





8 





256 


4 


[000001000] 


(1,2,3,4,5,6,8,6,4,4) 


2 


1 


1 


18564 


4 


[101000000] 


(0,1,2,4,6,8,10,7,5,4) 


2 


1 


1 


11475 


4 


[000100000] 


(1,2,3,4,6,8,10,7,5,4) 





8 





3060 


4 


[200000000] 


(0,2,4,6,8,10,12,8,6,4) 





8 





170 


4 


[010000000] 


(1,2,4,6,8,10,12,8,6,4) 


-2 


44 


1 


153 


4 


[000000000] 


(2,4,6,8,10,12,14,9,7,4) 


-4 


192 





1 


5 


[001000001] 


(1,2,3,5,7,9,11,8,5,5) 


2 


1 


1 


169728 


5 


[200000010] 


(0,2,4,6,8,10,12,8,6,5) 


2 


1 


1 


39168 


5 


[010000010] 


(1,2,4,6,8,10,12,8,6,5) 





8 


1 


34560 


5 


[100000001] 


(1,3,5,7,9,11,13,9,6,5) 


-2 


44 


1 


4352 


5 


[000000010] 


(2,4,6,8,10,12,14,9,7,5) 


-4 


192 


1 


256 


6 


[010010000] 


(1,2,4,6,8,11,14,10,7,6) 


2 


1 


1 


930240 


6 


[100000011] 


(1,3,5,7,9,11,13,9,6,6) 


2 


1 


1 


707200 


6 


[100001000] 


(1,3,5,7,9,11,14,10,7,6) 





8 


1 


293760 


6 


[201000000] 


(0,2,4,7,10,13,16,11,8,6) 


2 


1 


1 


90288 


6 


[0000000201 


(2,4,6,8,10,12,14,9,7,6) 





8 





24310 


6 


[000000002] 


(2,4,6,8,10,12,14,10,6,6) 





8 





24310 


6 


[011000000] 


(1,2,4,7,10,13,16,11,8,6) 





8 


1 


67830 


6 


[000000100] 


(2,4,6,8, 10,12, 14, 10,7,6) 


-2 


44 


2 


31824 


6 


[100100000] 


(1,3,5,7,10,13,16,11,8,6) 


-2 


44 


2 


45696 


6 


[000010000] 


(2,4,6,8,10,13,16,11,8,6) 


-4 


192 


1 


8568 


6 


[300000000] 


(0,3,6,9,12,15,18,12,9,6) 





8 





1122 


6 


[110000000] 


(1,3,6,9,12,15,18,12,9,6) 


-4 


192 


2 


1920 


6 


[001000000] 


(2,4,6,9,12,15,18,12,9,6) 


-6 


727 


3 


816 


6 


[100000000] 


(2,5,8,11,14,17,20,13,10,6) 


-8 


2472 




18 


7 


[100100010] 


(1,3,5,7,10,13,16,11,8,7) 


2 


1 




8186112 


7 


[000001001] 


(2,4,6,8,10,12,15,11,7,7) 


2 


1 




2558976 


7 


[020000001] 


(1,2,5,8,11,14,17,12,8,7) 


2 


1 




1740800 


7 


[000010010] 


(2,4,6,8,10,13,16,11,8,7) 





8 




1410048 


7 


[101000001] 


(1,3,5,8,11,14,17,12,8,7) 





8 


2 


2276352 


7 


[000100001] 


(2,4,6,8,11,14,17,12,8,7) 


-2 


44 


2 


574464 


7 


[300000010] 


(0,3,6,9, 12, 15, 18, 12,9,7) 


2 


1 


1 


248064 


7 


[110000010] 


(1,3,6,9,12,15,18,12,9,7) 


-2 


44 


3 


413440 


7 


[0010000101 


(2,4,6,9,12,15,18,12,9,7) 


-4 


192 


4 


169728 


7 


[200000001] 


(1,4,7,10,13,16,19,13,9,7) 


-4 


192 


3 


39168 


7 


[010000001] 


(2,4,7,10,13,16,19,13,9,7) 


-6 


727 


6 


34560 


7 


[1000000101 


(2,5,8,11,14,17,20,13,10,7) 


-8 


2472 


6 


4352 


7 


[000000001] 


(3,6,9,12,15,18,21,14,10,7) 


-10 


7749 


4 


256 


8 


[000101000] 


(2,4,6,8,11,14,18,13,9,8) 


2 


1 




26686260 


8 


[110000100] 


(1,3,6,9,12,15,18,13,9,8) 


2 


1 




43084800 


8 


[001000020] 


(2,4,6,9, 12, 15, 18, 12,9,8) 


2 


1 




13579566 


8 


[001000002] 


(2,4,6,9,12,15,18,13,8,8) 


2 


1 




13579566 


8 


[001000100] 


(2,4,6,9,12,15,18,13,9,8) 





8 




17005950 


8 


[101100000] 


(1,3,5,8,12,16,20,14,10,8) 


2 


1 


1 


13590225 


8 


[110010000] 


(1,3,6,9,12,16,20,14,10,8) 





8 


2 


10340352 


8 


[000200000] 


(2,4,6,8,12,16,20,14,10,8) 





8 





2174436 


8 


[200000011] 


(1,4,7,10,13,16,19,13,9,8) 





8 


2 


6096948 


8 


[001010000] 


(2,4,6,9,12,16,20,14,10,8) 


-2 


44 


3 


3837240 



31 



I 


Dynkin [p,] 




a' 


mult(Q:) 




dim 


8 


[010000011] 


(2,4,7,10,13,16,19,13,9,8) 


-2 


44 


4 


5290740 


8 


[200001000] 


(1,4,7,10,13,16,20,14,10,8) 


-2 


44 


3 


2494206 


8 


[010001000] 


(2,4,7,10,13,16,20,14,10,8) 


-4 


192 


5 


2131800 


8 


[030000000] 


(1,2,6,10,14,18,22,15,11,8) 


2 


1 


1 


261800 


8 


[301000000] 


(0,3,6,10,14,18,22,15,11,8) 


2 


1 


1 


516800 


8 


[100000020] 


(2,5,8,11,14,17,20,13,10,8) 


-4 


192 


3 


393822 


8 


[100000002] 


(2,5,8,11,14,17,20,14,9,8) 


-4 


192 


3 


393822 


8 


[111000000] 


(1,3,6,10,14,18,22,15,11,8) 


-2 


44 


3 


709632 


8 


[100000100] 


(2,5,8,11,14,17,20,14,10,8) 


-6 


727 


9 


510510 


8 


[200100000] 


(1,4,7,10,14,18,22,15,11,8) 


-4 


192 


4 


373065 


8 


[002000000] 


(2,4,6,10,14,18,22,15,11,8) 


-4 


192 


2 


188955 


8 


[010100000] 


(2,4,7,10,14,18,22,15,11,8) 


-6 


727 


9 


302328 


8 


[100010000] 


(2,5,8,11,14,18,22,15,11,8) 


-8 


2472 


10 


132600 


8 


[000000011] 


(3,6,9,12,15,18,21,14,10,8) 


-8 


2472 


7 


43758 


8 


[000001000] 


(3,6,9,12,15,18,22,15,11,8) 


-10 


7749 


10 


18564 


8 


[400000000] 


(0,4,8, 12, 16,20,24, 16, 12,8) 





8 





5814 


8 


[210000000] 


(1,4,8,12,16,20,24,16,12,8) 


-6 


726 


5 


14212 


8 


[020000000] 


(2,4,8,12,16,20,24,16,12,8) 


-8 


2472 


4 


8550 


8 


[101000000] 


(2,5,8,12,16,20,24,16,12,8) 


-10 


7747 


14 


11475 


8 


[000100000] 


(3,6,9,12,16,20,24,16,12,8) 


-12 


22725 


9 


3060 


8 


[200000000] 


(2,6,10,14,18,22,26,17,13,8) 


-12 


22712 


4 


170 


8 


[010000000] 


(3,6, 10, 14, 18,22,26, 17,13,8) 


-14 


63085 


11 


153 


8 


[000000000] 


(4,8, 12, 16,20,24,28, 18,14,8) 


-16 


167133 


1 


1 


9 


[010001010] 


(2,4,7,10,13,16,20,14,10,9) 


2 


1 


1 


266342400 


9 


[001100001] 


(2,4,6,9,13,17,21,15,10,9) 


2 


1 


1 


177365760 


9 


[200010001] 


(1,4,7,10,13,17,21,15,10,9) 


2 


1 


1 


167443200 


9 


[010010001] 


(2,4,7,10,13,17,21,15,10,9) 





8 


2 


138498048 


9 


[111000010] 


(1,3,6,10,14,18,22,15,11,9) 


2 


1 


1 


127918336 


9 


[100000012] 


(2,5,8,11,14,17,20,14,9,9) 


2 


1 


1 


47297536 


9 


[100000110] 


(2,5,8,11,14,17,20,14,10,9) 





8 


2 


52093440 


9 


[002000010] 


(2,4,6, 10, 14, 1 8,22, 15, 1 1 ,9) 





8 


1 


33196800 


9 


[200100010] 


(1,4,7,10,14,18,22,15,11,9) 





8 


2 


64204800 


9 


[100001001] 


(2,5,8,11,14,17,21,15,10,9) 


-2 


44 


4 


38697984 


9 


[010100010] 


(2,4,7, 10, 14, 1 8,22, 15, 1 1 ,9) 


-2 


44 


5 


51270912 


9 


[100010010] 


(2,5,8,11,14,18,22,15,11,9) 


-4 


192 


8 


20837376 


9 


[120000001] 


(1,3,7,11,15,19,23,16,11,9) 





8 


2 


16450560 


9 


[201000001] 


(1,4,7,11,15,19,23,16,11,9) 


-2 


44 


5 


17199104 


9 


[000000021] 


(3,6,9,12,15,18,21,14,10,9) 


-2 


44 


2 


3055104 


9 


[000000003] 


(3,6,9,12,15,18,21,15,9,9) 





8 





1244672 


9 


[011000001] 


(2,4,7,11,15,19,23,16,11,9) 


-4 


192 


8 


12729600 


9 


[000000101] 


(3,6,9,12,15,18,21,15,10,9) 


-4 


192 


4 


3394560 


9 


[100100001] 


(2,5,8,11,15,19,23,16,11,9) 


-6 


727 


15 


8186112 


9 


[000001010] 


(3,6,9,12,15,18,22,15,11,9) 


-6 


727 


8 


2558976 


9 


[4000000101 


(0,4,8,12,16,20,24,16,12,9) 


2 


1 


1 


1240320 


9 


[210000010] 


(1,4,8,12,16,20,24,16,12,9) 


-4 


192 


7 


2937600 


9 


[000010001] 


(3,6,9,12,15,19,23,16,11,9) 


-8 


2472 


13 


1410048 


9 


[0200000101 


f2 4 8 1 2 1 6 20 24 1 6 1 2 9^ 


-6 


727 


10 


1 740800 

J- / ~\J\j\J\J 


9 


[101000010] 


(2,5,8,12,16,20,24,16,12,9) 


-8 


2472 


24 


2276352 


9 


[000100010] 


(3,6,9,12,16,20,24,16,12,9) 


-10 


7749 


22 


574464 


9 


[300000001] 


(1,5,9,13,17,21,25,17,12,9) 


-6 


726 


6 


248064 


9 


[110000001] 


(2,5,9,13,17,21,25,17,12,9) 


-10 


7747 


30 


413440 


9 


[001000001] 


(3,6,9,13,17,21,25,17,12,9) 


-12 


22725 


31 


169728 


9 


[200000010] 


(2,6, 10, 14, 18,22,26, 17,13,9) 


-12 


22712 


23 


39168 



32 



I 


Dynkin [ps] 




a' 


mult(Q:) 




dim 


9 


[010000010] 


(3,6, 10, 14, 18,22,26, 17, 13,9) 


-14 


63085 


39 


34560 


9 


[100000001] 


(3,7,11,15,19,23,27,18,13,9) 


-16 


167116 


35 


4352 


9 


[000000010] 


(4,8,12,16,20,24,28,18,14,9) 


-18 


425227 


18 


256 


10 


[1000101001 


("2 5 8 11 14 18 22 16 11 10) 

V ^ w ^ X X ^ X r J X \j y^^y X Wj X X J X w / 


2 


1 




1522105200 


10 


mi 100001 11 


(2,4,7,11,15,19,23,16,11,10) 


2 


1 




1655413760 

X w^^ r X »^ / WW 


10 


[010110000] 


(2,4,7,10,14,19,24,17,12,10) 


2 


1 




748261800 


10 


[1001000111 

1 X V_/ v_/ X XXI 


f2 5 8 11 15 19 23 16 11 10) 

V ^w^x Xj x*^jX^ y X Wj X X J X w / 





8 




1024287264 


10 


[201001000] 


(1,4,7,11,15,19,24,17,12,10) 


2 


1 




848300544 


10 


[000001002] 


(3,6,9,12,15,18,22,16,10,10) 


2 


1 




150760896 


10 


[0000010201 


G 6 9 12 15 18 22 15 11 10) 

V *^ ^ w^ ^ J X X *^ J X w ^^^^ X J X X ^ X w / 


2 


1 




150760896 

X*^W / WWW-y w 


10 


[0110010001 


(2,4,7,11,15,19,24,17,12,10) 





8 




613958400 

w A. ^ ^ ^ w rw w 


10 


[0000011001 

1^ \j \j \j \j \j xv/v_/j 


(3,6,9,12,15,18,22,16,11,10) 





8 




154187280 


10 


[1000200001 


r2 5 8 1 1 14 19 24 17 12 10) 

^ w ^ X X J X r J X ^ r J X / ^ X X w / 





8 




195699240 

X ^ ^ yj ^ ^ rw 


10 


[100101000] 


(2,5,8,11,15,19,24,17,12,10) 


-2 


44 




359165664 


10 


[2100000021 


(1,4,8,12,16,20,24,17,11,10) 


2 


1 




232792560 


10 


[2100000201 


Q 4 8 12 16 20 24 16 12 10) 

V X y r J w ^ X X \J ^ v_/ ^ r J x w^ x x w / 


2 


1 




232792560 


10 


[0200000021 


(2,4,8,12,16,20,24,17,11,10) 





8 




136334016 

X »^ w*^ rw X w 


10 


[0200000201 


(2,4,8,12,16,20,24,16,12,10) 





8 




136334016 

X w ^ w X w 


10 


[000010011] 


(3,6,9,12,15,19,23,16,11,10) 


-2 


44 


4 


164466432 


10 


[2100001001 


(1,4,8,12,16,20,24,17,12,10) 





8 


2 


293862816 

^ ^ w Wirf w X w 


10 


[1010000021 


(2,5,8,12,16,20,24,17,11,10) 


-2 


44 


5 


174888350 


10 


[1010000201 


("2 5 8 12 16 20 24 16 12 10) 

^ w ^ X X w^^w r J X w^ X X w / 


-2 


44 


5 


174888350 

X / rwww*^*^w 


10 


[0200001001 


(2,4,8,12,16,20,24,17,12,10) 


-2 


44 


5 


171348100 

X / X »^ rwxww 


10 


[101000100] 


(2,5,8,12,16,20,24,17,12,10) 


-4 


192 


11 


217443600 


10 


[1201000001 


Q 3 7 11 16 21 26 18 13 10) 

VXj»^^ / ^xx^x w^^ X w^ X w ^ X »^ J X w / 


2 


1 


1 


106419456 

X w w r X ^ w 


10 


[0030000001 


(2,4,6,11,16,21,26,18,13,10) 


2 


1 


1 


19969950 


10 


[0000110001 

\\J\J\J\J \. \.\J\J\J \ 


(3,6,9,12,15,19,24,17,12,10) 


-4 


192 


5 


50605056 

^www^w^w 


10 


[2011000001 


Q 4 7 11 16 21 26 18 13 10) 

V X ^ / ^ X X ^ X w^^ X w^ X w 5 X »^ J X w / 





8 


2 


95178240 

^ X / yj rw 


10 


[0001000201 


(3,6,9,12,16,20,24,16,12,10) 


-4 


192 


5 


42401502 


10 


[011100000] 


(2,4,7,11,16,21,26,18,13,10) 


-2 


44 


4 


66853248 


10 


[0001000021 


G 6 9 12 16 20 24 17 1 1 10) 

V *^ ? ? w j^w r J X / ^ X X ^ X w / 


-4 


192 


5 


42401502 


10 


[0001001001 

1 V_/ \J \J X \J\J X \J\J \ 


(3,6,9,12,16,20,24,17,12,10) 


-6 


727 


14 


51395760 

^ X »^ ^ ^ / WW 


10 


[2100100001 

1 ^ X WW X wwwwj 


(1,4,8,12,16,21,26,18,13,10) 


-2 


44 


5 


69227298 


10 


[0200100001 


("2 4 8 1 2 1 6 21 26 1 8 1 3 1 0) 

KJj ^ -^j 1-\J ^i-i 1- ^i-i\J^ XWjXiiJjXW J 


-4 


192 


6 


39673920 


10 


[1002000001 

1 X WW^WWWWW 1 


(2,5,8,11,16,21,26,18,13,10) 


-4 


192 


5 


28139760 


10 


[300000011] 


(1,5,9,13,17,21,25,17,12,10) 


-2 


44 


4 


37209600 


10 


noioiooooi 

1 X w X w X WWWWJ 


r2 5 8 12 16 21 26 18 13 10) 

V ^ w ^ X X \J ^ X ^^w^ X w 5 X »^ ^ X w / 


-6 


727 


19 


47837592 

r / w *^ / ^ A^ 


10 


[1100000111 

1 X X wwwww XXI 


(2,5,9,13,17,21,25,17,12,10) 


-6 


727 


24 


60648588 

www r yj w 


10 


[001 00001 11 

iwwxwwwwx xj 


(3,6,9,13,17,21,25,17,12,10) 


-8 


2472 


28 


24186240 


10 


[300001000] 


(1,5,9,13,17,21,26,18,13,10) 


-4 


192 


6 


15049216 


10 


[1100010001 

1 X X www X www 1 


f2 5 9 13 17 21 26 18 13 10) 


-8 


2472 


31 


24066900 

^ rwww-^ WW 


10 


[0001100001 

|_wwwx xwwwwj 


(3,6,9, 1 2, 1 6,2 1 ,26, 1 8, 1 3, 1 0) 


-8 


2472 


14 


9883800 

^ W W x-V w w w 


10 


[0010010001 

1 w w X WW X w w w 1 


G 6 9 13 17 21 26 18 13 10) 


-10 


7749 


36 


9302400 

^ »^ w^ rww 


10 


[1300000001 

1 X *^WWWWWWW J 


(1,3,8,13,18,23,28,19,14,10) 





8 


1 


2154240 


10 


[401000000] 


(0,4,8,13,18,23,28,19,14,10) 


2 


1 


1 


2386800 

wwwww 


10 


[200000002] 


(2,6, 10, 14, 1 8,22,26, 1 8, 1 2, 1 0) 


-8 


2472 


14 


3401190 


10 


[2000000201 

1 ^WWWWWW^W J 


(2,6,10,14,18,22,26,17,13,10) 


-8 


2472 


14 


3401190 

*^ rw X X ^ w 


10 


[211000000] 


(1,4,8,13,18,23,28,19,14,10) 


-4 


192 


7 


4558176 


10 


[021000000] 


(2,4,8,13,18,23,28,19,14,10) 


-6 


727 


10 


2474010 


10 


[200000100] 


(2,6,10,14,18,22,26,18,13,10) 


-10 


7747 


37 


4377296 


10 


[010000002] 


(3,6,10,14,18,22,26,18,12,10) 


-10 


7747 


27 


2956096 


10 


[010000020] 


(3,6,10,14,18,22,26,17,13,10) 


-10 


7749 


29 


2956096 


10 


[102000000] 


(2,5,8,13,18,23,28,19,14,10) 


-8 


2472 


14 


2217072 



33 



I 


Dynkin [ps] 


a e EiQ 




mult(Q:) 




dim 


10 


[3001000001 


Q 5 9 13 18 23 28 19 14 10) 


-6 


726 


9 


2188800 

A. yj yjyj\J\J 


10 


[010000100] 


(3,6,10,14,18,22,26,18,13,10) 


-12 


22725 


56 


3779100 


10 


r 1101000001 

l-L -LV_/-l-\_/wwwV/J 


(2,5,9,13,18,23,28,19,14,10) 


-10 


7747 


42 


3281850 


10 


[001100000] 


(3,6,9,13,18,23,28,19,14,10) 


-12 


22725 


37 


1116288 


10 


[200010000] 


(2,6,10,14,18,23,28,19,14,10) 


-12 


22712 


41 


1108536 


10 


[010010000] 


(3,6,10,14,18,23,28,19,14,10) 


-14 


63085 


74 


930240 


10 


[100000011] 


(3,7,11,15,19,23,27,18,13,10) 


-14 


63085 


75 


707200 


10 


[100001000] 


(3,7,11,15,19,23,28,19,14,10) 


-16 


167116 


86 


293760 


10 


[5000000001 


(0 5 10 15 20 25 30 20 15 10) 





8 





25194 


10 


[310000000] 


(1,5,10,15,20,25,30,20,15,10) 


-8 


2464 


8 


78336 


10 


[1200000001 


(2 5 10 15 20 25 30 20 15 10) 


-12 


22712 


24 


84150 


10 


[2010000001 


(2 6 10 15 20 25 30 20 15 10) 


-14 


63020 


49 


90288 


10 


ro 110000001 


G 6 10 15 20 25 30 20 15 10) 


-16 


167099 


63 


67830 


10 


[0000000021 


(4,8,12,16,20,24,28,19,13,10) 


-16 


167116 


25 


24310 


10 


[000000020] 


(4,8,12,16,20,24,28,18,14,10) 


-16 


167133 


26 


24310 


10 


[0000001001 

1 wwwwww XV^V^ 1 


(A 8 12 16 20 24 28 19 14 10) 

V ^ y A. ^y A. yj yA^\J y f yA^\J y A. ^ y A. f y A.\J } 


-18 


425227 


63 


31824 


10 


[100100000] 


(3,7,11,15,20,25,30,20,15,10) 


-18 


425156 


96 


45696 


10 


[000010000] 


(4,8,12,16,20,25,30,20,15,10) 


-20 


1044218 


60 


8568 


10 


[300000000] 


(2,7,12,17,22,27,32,21,16,10) 


-16 


166840 


15 


1122 


10 


[110000000] 


(3,7,12,17,22,27,32,21,16,10) 


-20 


1043926 


66 


1920 


10 


[001000000] 


(4,8,12,17,22,27,32,21,16,10) 


-22 


2485020 


66 


816 


10 


[100000000] 


(4,9, 14, 19,24,29,34,22, 17, 10) 


-24 


5750072 


27 


18 



C Decomposition of DEiq with respect to Dg 

In this appendix we present the first few complete levels of the decomposition of DEio into represen- 
tations of its Dq subalgebra indicated in figure 2. From the embedding DEiq C Eiq it is clear that 
level £ here has to be compared with representations on level 2£ in the preceding appendix B. 



I 


Dynkin [ps] 


a e DEio 


a' 


mult(Q!) 


/i 


dim 


1 


[001000000] 


(0,0,0,0,0,0,0,0,0,1) 


2 


1 


1 


816 


1 


[100000000] 


(0,1,2,2,2,2,2,1,1,1) 





8 





18 


2 


[000001000] 


(1,2,3,2,1,0,0,0,0,2) 


2 


1 


1 


18564 


2 


[101000000] 


(0,1,2,2,2,2,2,1,1,2) 


2 


1 


1 


11475 


2 


[000100000] 


(1,2,3,2,2,2,2,1,1,2) 





8 





3060 


2 


[200000000] 


(0,2,4,4,4,4,4,2,2,2) 





8 





170 


2 


[010000000] 


(1,2,4,4,4,4,4,2,2,2) 


-2 


44 


1 


153 


2 


[000000000] 


(2,4,6,6,6,6,6,3,3,2) 


-4 


192 





1 


3 


[010010000] 


(1,2,4,3,2,2,2,1,1,3) 


2 


1 


1 


930240 


3 


[1000000111 


(1,3,5,4,3,2,1,0,0,3) 


2 


1 


1 


707200 


3 


[1000010001 


(1,3,5,4,3,2,2,1,1,3) 





8 


1 


293760 


3 


[201000000] 


(0,2,4,4,4,4,4,2,2,3) 


2 


1 


1 


90288 


3 


[000000020] 


(2,4,6,5,4,3,2,0,1,3) 





8 





24310 


3 


[000000002] 


(2,4,6,5,4,3,2,1,0,3) 





8 





24310 


3 


[011000000] 


(1,2,4,4,4,4,4,2,2,3) 





8 


1 


67830 


3 


[000000100] 


(2,4,6,5,4,3,2,1,1,3) 


-2 


43 


1 


31824 


3 


[100100000] 


(1,3,5,4,4,4,4,2,2,3) 


-2 


44 


2 


45696 


3 


[000010000] 


(2,4,6,5,4,4,4,2,2,3) 


-4 


188 


1 


8568 


3 


[300000000] 


(0,3,6,6,6,6,6,3,3,3) 





8 





1122 


3 


[110000000] 


(1,3,6,6,6,6,6,3,3,3) 


-4 


192 


2 


1920 


3 


[001000000] 


(2,4,6,6,6,6,6,3,3,3) 


-6 


711 


2 


816 



34 



I 


Dynkin [ps] 


a e DEio 


a' 


mult(Q!) 


/i 


dim 


3 


[100000000] 


(2,5,8,8,8,8,8,4,4,3) 


-8 


2408 




18 


4 


[000101000] 


(2,4,6,4,3,2,2,1,1,4) 


2 


1 




26686260 


4 


[110000100] 


(1,3,6,5,4,3,2,1,1,4) 


2 


1 




43084800 


4 


[001000020] 


(2,4,6,5,4,3,2,0,1,4) 


2 


1 




13579566 


4 


[001000002] 


(2,4,6,5,4,3,2,1,0,4) 


2 


1 




13579566 


4 


TOO 1000 1001 


(2,4,6,5,4,3,2,1,1,4) 





8 




17005950 


4 


[101100000] 


(1,3,5,4,4,4,4,2,2,4) 


2 


1 




13590225 


4 


[110010000] 


(1,3,6,5,4,4,4,2,2,4) 





8 


2 


10340352 


4 


[000200000] 


(2,4,6,4,4,4,4,2,2,4) 





8 





2174436 


4 


[200000011] 


(14765431 14) 





8 


2 


6096948 


4 


[001010000] 


(2,4,6,5,4,4,4,2,2,4) 


-2 


44 


3 


3837240 


4 


[010000011] 


(2,4,7,6,5,4,3,1,1,4) 


-2 


43 


3 


5290740 


4 


[200001000] 


(147654422 4) 


-2 


44 


3 


2494206 


4 


[010001000] 


(2,4,7,6,5,4,4,2,2,4) 


-4 


188 


4 


2131800 


4 


[030000000] 


(1,2,6,6,6,6,6,3,3,4) 


2 


1 


1 


261800 


4 


[301000000] 


(0,3,6,6,6,6,6,3,3,4) 


2 


1 


1 


516800 


4 


[100000020] 


(2,5,8,7,6,5,4,1,2,4) 


-4 


184 


2 


393822 


4 


[100000002] 


(2,5,8,7,6,5,4,2,1,4) 


-4 


184 


2 


393822 


4 


[111000000] 


(1 36666633 4) 


-2 


44 


3 


709632 


4 


[100000100] 


(2,5,8,7,6,5,4,2,2,4) 


-6 


699 


7 


510510 


4 


[2001000001 


(1 47666633 4) 


-4 


192 


4 


373065 

^ 1 ^ yjyj ^ 


4 


[002000000] 


(2 46666633 4) 


-4 


192 


2 


188955 


4 


[010100000] 


(2,4,7,6,6,6,6,3,3,4) 


-6 


711 


8 


302328 


4 


[100010000] 


(2,5,8,7,6,6,6,3,3,4) 


-8 


2376 


8 


132600 


4 


[000000011] 


(3 6987652 2,4) 


-8 


2335 


4 


43758 


4 


[000001000] 


(3,6,9,8,7,6,6,3,3,4) 


-10 


7317 


7 


18564 


4 


[400000000] 


(0,4,8,8,8,8,8,4,4,4) 





8 





5814 


4 


[210000000] 


(148888844 4) 


-6 


726 


5 


14212 


4 


[020000000] 


(2,4,8,8,8,8,8,4,4,4) 


-8 


2408 


3 


8550 


4 


[101000000] 


(2,5,8,8,8,8,8,4,4,4) 


-10 


7426 


11 


11475 


4 


[000100000] 


(3,6,9,8,8,8,8,4,4,4) 


-12 


21394 


6 


3060 


4 


[200000000] 


(2,6,10,10,10,10,10,5,5,4) 


-12 


21680 


3 


170 


4 


[010000000] 


(3,6,10,10,10,10,10,5,5,4) 


-14 


59095 


8 


153 


4 


[000000000] 


(4,8, 12, 12, 12, 12, 12,6,6,4) 


-16 


155514 





1 


5 


[100010100] 


(2,5,8,6,4,3,2,1,1,5) 


2 


1 




1522105200 


5 


[011000011] 


(2,4,7,6,5,4,3,1,1,5) 


2 


1 




1655413760 


5 


[010110000] 


(2 47544422 5) 


2 


1 




748261800 


5 


[100100011] 


(2,5,8,6,5,4,3,1,1,5) 





8 




1024287264 


5 


[2010010001 


(1,4,7,6,5,4,4,2,2,5) 


2 


1 




848300544 

yj ryj ^ yjyj ^ i r 


5 


[000001002] 


(3 69753210 5) 


2 


1 




150760896 


5 


[000001020] 


(3,6,9,7,5,3,2,0,1,5) 


2 


1 




150760896 


5 


[011001000] 


(2,4,7,6,5,4,4,2,2,5) 





8 




613958400 


5 


[000001100] 


(3 6975321 1 5) 





8 




154187280 


5 


[100020000] 


(2,5,8,6,4,4,4,2,2,5) 





8 




195699240 


5 


[100101000] 


(2,5,8,6,5,4,4,2,2,5) 


-2 


44 




359165664 


5 


[2100000021 


(148765421 5) 


2 


1 




232792560 


5 


[210000020] 


(1,4,8,7,6,5,4,1,2,5) 


2 


1 




232792560 


5 


[0200000021 


(2,4,8,7,6,5,4,2,1,5) 





8 




136334016 

\. yj ^^yj -L yj 


5 


[020000020] 


(2,4,8,7,6,5,4,1,2,5) 





8 


1 


136334016 


5 


[000010011] 


(3,6,9,7,5,4,3,1,1,5) 


-2 


43 


3 


164466432 


5 


[210000100] 


(1,4,8,7,6,5,4,2,2,5) 





8 


2 


293862816 


5 


[101000002] 


(2,5,8,7,6,5,4,2,1,5) 


-2 


43 


4 


174888350 


5 


[101000020] 


(2,5,8,7,6,5,4,1,2,5) 


-2 


43 


4 


174888350 



35 



I 


Dynkin [ps] 


a e DEiQ 


a' 


mult(Q!) 


M 


dim 


5 


[020000100] 


C2 48765422 5) 


-2 


43 


4 


171348100 


5 


[101000100] 


(2,5,8,7,6,5,4,2,2,5) 


-4 


188 


10 


217443600 


5 


[120100000] 


(1,3,7,6,6,6,6,3,3,5) 


2 


1 


1 


106419456 


5 


[003000000] 


(2 46666633 5) 


2 


1 


1 


19969950 


5 


[000011000] 


(3,6,9,7,5,4,4,2,2,5) 


-4 


188 


4 


50605056 


5 


[201100000] 


(1,4,7,6,6,6,6,3,3,5) 





8 


2 


95178240 


5 


[000100020] 


(3697654 1,2,5) 


-4 


184 


4 


42401502 


5 


[011100000] 


(2,4,7,6,6,6,6,3,3,5) 


-2 


44 


4 


66853248 


5 


[000100002] 


(3,6,9,7,6,5,4,2,1,5) 


-4 


184 


4 


42401502 


5 


[000100100] 


(3 69765422 5) 


-6 


699 


11 


51395760 


5 


[210010000] 


(1,4,8,7,6,6,6,3,3,5) 


-2 


44 


5 


69227298 


5 


[0200100001 


(2 48766633 5) 


-4 


188 


6 


39673920 


5 


[100200000] 


(2,5,8,6,6,6,6,3,3,5) 


-4 


192 


5 


28139760 


5 


[300000011] 


(1,5,9,8,7,6,5,2,2,5) 


-2 


44 


4 


37209600 


5 


[101010000] 


(2,5,8,7,6,6,6,3,3,5) 


-6 


711 


17 


47837592 


5 


[110000011] 


(2 59876522 5) 


-6 


699 


19 


60648588 


5 


[001000011] 


(3,6,9,8,7,6,5,2,2,5) 


-8 


2335 


20 


24186240 


5 


[300001000] 


(1,5,9,8,7,6,6,3,3,5) 


-4 


192 


6 


15049216 


5 


r 1100010001 


(2 59876633 5) 


-8 


2376 


26 


24066900 

t\J\J\J ^ \J\J 


5 


[000110000] 


(3,6,9,7,6,6,6,3,3,5) 


-8 


2376 


12 


9883800 


5 


[001001000] 


(3,6,9,8,7,6,6,3,3,5) 


-10 


7317 


28 


9302400 


5 


[130000000] 


(1 38888844 5) 





8 


1 


2154240 


5 


[401000000] 


(0,4,8,8,8,8,8,4,4,5) 


2 


1 


1 


2386800 


5 


[200000002] 


(2,6,10,9,8,7,6,3,2,5) 


-8 


2344 


11 


3401190 


5 


[200000020] 


(2 6 10 9 8 7 6 2 3 5) 


-8 


2344 


11 


3401190 


5 


[211000000] 


(1,4,8,8,8,8,8,4,4,5) 


-4 


192 


7 


4558176 


5 


[021000000] 


(2,4,8,8,8,8,8,4,4,5) 


-6 


711 


9 


2474010 


5 


[200000100] 


(2 6 10 9 8 7 6 3 3 5) 


-10 


7340 


27 


4377296 


5 


ro 100000021 


(3 6 10 9 8 7 6 3 2 5) 


-10 


7204 


18 


2956096 


5 


[010000020] 


(3,6,10,9,8,7,6,2,3,5) 


-10 


7204 


18 


2956096 


5 


[102000000] 


(2,5,8,8,8,8,8,4,4,5) 


-8 


2408 


13 


2217072 


5 


[300100000] 


(1,5,9,8,8,8,8,4,4,5) 


-6 


726 


9 


2188800 


5 


[010000100] 


(3,6,10,9,8,7,6,3,3,5) 


-12 


21121 


40 


3779100 


5 


[110100000] 


(2 59888844 5) 


-10 


7426 


36 


3281850 


5 


[001100000] 


(3,6,9,8,8,8,8,4,4,5) 


-12 


21394 


29 


1116288 


5 


[200010000] 


(2,6,10,9,8,8,8,4,4,5) 


-12 


21472 


34 


1108536 


5 


[010010000] 


(3 6 10 9 8 8 8 44 5) 


-14 


58468 


54 


930240 


5 


n 000000 111 


(3 7 11 10 9 8 7 3 3 5) 


-14 


57786 


47 


707200 


5 


[100001000] 


(3,7,11,10,9,8,8,4,4,5) 


-16 


152634 


57 


293760 


5 


[500000000] 


(0,5, 10, 10, 10, 10, 10,5,5,5) 





8 





25194 


5 


[310000000] 


(1,5,10,10,10,10,10,5,5,5) 


-8 


2464 


8 


78336 


5 


[120000000] 


(2,5,10,10,10,10,10,5,5,5) 


-12 


21680 


20 


84150 


5 


[201000000] 


(2,6, 10, 10, 10, 10, 10,5,5,5) 


-14 


59361 


38 


90288 


5 


[011000000] 


(3,6,10,10,10,10,10,5,5,5) 


-16 


154174 


47 


67830 


5 


[000000002] 


(4,8,12,11,10,9,8,4,3,5) 


-16 


150996 


15 


24310 


5 


[000000020] 


(4 8 12 11 10 9 8 3 4 5) 


-16 


150996 


15 


24310 


5 


[000000100] 


(4,8,12,11,10,9,8,4,4,5) 


-18 


382919 


34 


31824 


5 


[100100000] 


(3,7,11,10,10,10,10,5,5,5) 


-18 


386560 


67 


45696 


5 


[000010000] 


(4,8,12,11,10,10,10,5,5,5) 


-20 


935832 


38 


8568 


5 


[300000000] 


(2,7,12,12,12,12,12,6,6,5) 


-16 


156416 


12 


1122 


5 


[110000000] 


(3,7,12,12,12,12,12,6,6,5) 


-20 


943724 


44 


1920 


5 


[001000000] 


(4,8,12,12,12,12,12,6,6,5) 


-22 


2213755 


39 


816 


5 


[100000000] 


(4,9,14,14,14,14,14,7,7,5) 


-24 


5086640 


16 


18 
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